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Introduction

Methodology"

Although a book in mathematical Marxian economics is no longer a
unique phenomenon, its author must still confront the opinion held
in many circles, both Marxian and non-Marxian, that such an
endeavor is a contradiction in terms. Two lines of defense are avail-
able: (1) that Marx himself was not against the use of mathematical
methods; (2) that regardless of Marx’s position, these methods are
appropriate to aid in understanding the social phenomena with which
Marx was concerned. Although what Marx believed on this question
should not settle the issue, if we consider Marxism to be a science and
not a religion, it nevertheless appears that Marx was a supporter of
the use of mathematical methods in economics. This is shown by the
work of Leon Smolinski (1973), who studied Marx’s unpublished as
well as published manuscripts for his views on the matter. Smolinski
reports there was “not a single injunction against mathematical eco-
nomics [in] Marx’s published or unpublished writings.” Moreover,
Lafargue attributes to Marx the statement: “A science becomes devel-
oped only when it has reached the point where it can make use of
mathematics” (Smolinski, p. 1201). Still, the opposing circumstantial
evidence remains that Marx made very little use of formal mathe-
matics (beyond arithmetic) in his work. As Marx studied algebra and
calculus quite extensively in his later years, why did he not use these
tools? Two main reasons are suggested by Smolinski: His economic
theories had already been formulated before his mathematical studies
became intensive, and his mastery of the application of these tools to
economic models was very slight. Indeed, Smolinski provides rather
incriminating evidence with regard to the second reason, by showing
how inept was Marx’s effort to analyze the algebraic relationship
between the rate of surplus value and the rate of profit in an unpub-
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2 Marxian economic theory

lished version of Capital, Volume III, Chapter III, entitled “The
Mathematical Treatment of the Rate of Surplus Value and the Rate of
Profit.”?

Regardless of Marx’s position, however, mathematics is a useful
tool in Marxian economics. To the extent that abstraction and models
are useful, so is mathematics. This would seem self-evident. Several
objections nevertheless remain. The most cogent of these seem to be
(1) that although mathematics may be useful, it does not accomplish
any analytical task that cannot be done without it; (2) that the essential
ideas of Marxian social science cannot be mathematized.

Objection 1 does not pass the empirical test of the last century’s re-
search in Marxian economics. The use of mathematical techniques
can clarify relationships in an unambiguous way; without these tech-
niques, only intuition can be a guide. But the intuitions of two people
may contradict each other: When both are forced to state their beliefs
in a common (mathematical) language, there is an objective standard
for deciding which is correct. This is seen, in Marxian economics,
most clearly in the endless discussions of the transformation problem
and the theory of the falling rate of profit. Recent theoretical state-
ments of the problems have resolved many (if not all) of the debates.
After the mathematics has done its job, it is often possible to state the
proof verbally — that is, to avoid the “mathematics.” Hindsight, how-
ever, differs from foresight. If a tool acts as a catalyst, and enables us
to see how to perform the task for which it was intended, but without
its use, more power to it.

A related point to objection 1 is, as Jacob Schwartz (1961) put it,
that “mathematics, in doing its good works, has a way of drawing
attention to itself.” This is perhaps at the heart of the objection of
many Marxists to the use of mathematics. They fear that introduction
of the tool distracts attention from the burning social issues of the un-
derlying investigation, and gives the inquiry a gamelike character.
This is, no doubt, a danger, but the reciprocal accusation can just as
well be made against those Marxists who write pages of “dialectical”
reasoning, reveling in the Talmudic play possible in that medium.
Any methodology can be abused.

Objection 2 is a more serious point, for certainly mathematics can
play only a partial role in Marxian social science, or in any social sci-
ence, or in any science. Indeed, the essential aspect of a science is con-
frontation of theory with facts, and mathematics does not produce
facts. More specifically, the historical materialist method is central to
Marxism, and mathematics does not produce history. The question of
the applicability of mathematics, then, must necessarily be limited to
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its role in Marxian social theory, a theory being a way of interpreting
historical fact. Here one must distinguish between a theory and its
models. In my terminology a theory is not by its nature mathematical.
Theories live in an intuitional domain. One tests the consistency of a
theory by making models that are schematic representations of the
theory and that may use mathematics. A model allows statements to
be made that have an undeniable truth value (within the model):
Statements made in a theory do not have this logical status. There
may be several models of a single theory, some of which verify the
theory, others of which nullify it. For example, now that some have
produced models of the falling-rate-of-profit (FRP) theory that nul-
lity the theory (as in Chapters 4 and 5 of this book), others are trying
to produce models that verify it. If pro-FRP models are successfully
produced, they will clearly differ from the anti-FRP models in their
assumptions, and such a confrontation will force a more careful
refinement of what the underlying theory is. That is, a theory, living
in the domain of intuition, necessarily has a certain vagueness. The
vagueness is brought into sharp focus by the articulation of contra-
dicting models of the (same) theory.

It is in this sense that “mathematics,” or models, cannot capture all
that is contained in a theory. A model is necessarily one schematic
image of a theory, and one must not be so myopic as to believe other
schematic images cannot exist. Nevertheless, this is not a reason not to
use mathematics in trying to understand a theory: for, as has been
pointed out above, the production of different and contradicting
models of the same theory can be the very process that directs our
focus to the gray areas of the theory.

It should be underscored that this discussion applies only to the use
of models to test the consistency of a social theory, not the usefulness
or accuracy of a theory. The usefulness or accuracy of a theory is
tested by confronting it, or its models, with history and data.

Using the distinction that has been stated above between a theory
and its models, it is now possible to admit the sense in which objection
2 is viable. Because a social theory, by this definition, is a proposal for
ordering and understanding a particular set of historical occurrences
and behavior, it does not have the status of a statement in logic. A
model, however, contains logical statements. Hence, a model can
never replace a theory; that is, a model can never capture every
nuance the theory might imply. We might construct models that at-
tempt to capture, schematically, what we conceive of as some of the
postulates of the historical -materialist theory, in order to examine
whether certain conclusions logically follow from a historical—



4 Marxian economic theory

materialist perspective. Nevertheless, no model can ever hope to cap-
ture fully the theory of historical materialism. It is as if a theory is an
object in an infinite-dimensional space, and a model gives us a projec-
tion of the object onto a small subspace. Different models produce
different projections; with more models, more projections, we get a
more accurate feeling for the implications and the limits of the
theory, but we can never capture every dimension of the theory from
its models. With sufficient modeling, however, we may come to feel
that we have exhausted the interesting content of the theory, and so,
for all practical purposes, it is understood.

If one adopts this epistemological posture, it becomes clear that
although it is true that models can never entirely capture a theory,
that is not a reason not to build models of the theory. Quite the oppo-
site: Models provide perhaps the best way of trying to explore the
theory. Thus, although objection 2 is valid in the sense described, it
does not follow that mathematical modeling should be abandoned.

We have addressed the issue of whether models can necessarily cap-
ture everything contained in theories. Another level of objection 2 is
that there are specific concepts of Marxian theories — such as class,
power, struggle, consciousness, hegemony, and so on - that are not so
amenable to mathematical modeling as are the notions of price, quan-
tity, technology, and so on. This, I think, is not the case. The obvious
explanation is that we cannot imagine, perhaps, how to mathematize
“class struggle” because no one has ever tried — or, more accurately,
there is no social science that has tried for 100 years to do so. But even
if we can mathematize the notion of, say, class, is there a purpose to it?
Here the proponents of objection 2 and objection 1 might unite and
say: “Class cannot be mathematized. But even if you can do it, what
will be gained in the process? The subtle issues concerning class can-
not be clarified with mathematical modeling.”

However, 1 would argue, as an example, that the inability of
Marxists to understand what has transpired in the socialist economies
since 1917 is intimately related to an imprecise and vague notion of
class. We have a theory of class, and we have understood many di-
mensions of the theory. But now a historical experience has occurred
that exposes our ignorance of the complete theory. That is, there are
dimensions of the notion of class that have only become important to
our understanding of reality since 1917, and we have little intuition
with regard to what is happening in those dimensions. It is time,
therefore, to attempt to produce models of the theory of class that can
enlighten us as to those hidden dimensions. To be specific: Soviet
society has developed in a way that no Marxist would have predicted
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in 1885 or 1917. There is no agreement among Marxists on the
extremely fundamental, and apparently simple question: What is the
Soviet Union - capitalist, socialist, or something else? To resolve this
question, one must understand how to define class when the means of
production are not privately owned, investment is centrally planned,
and so on. In other words, our accepted theory of what constitutes
class is exposed as being vague when we try to apply the theory to a
new situation — namely, Soviet society. When the vagueness of a
theory becomes critical in our ability to use the theory to interpret
reality, it is an appropriate time to tighten our understanding of it by
constructing models of the theory. Not only do I think that the
Marxian notion of class can be modeled, more important, I think that
such modeling can illuminate the gray areas of the theory, and enable
us to understand the class nature of modern Sovietlike (or, let us say,
socialist) societies.

Perhaps a historical parallel is useful here. The prime example of
modeling an ethereal concept, in Marxian economics, is the theory of
exploitation. Exploitation is a concept like class, power, struggle, con-
sciousness; it might appear to be a concept that mathematics could
only reify, but not clarify. Marx wished to understand how exploita-
tion could exist under capitalism, a mode of production in which ex-
changes are mediated through competitive markets. Under feudalism
and slavery, the existence of exploitation posed no riddle because of
the overtly coercive mechanism for the expropriation of labor. If one
had lived under feudalism, the theory of exploitation as the expro-
priation of surplus labor would have seemed utterly clear: It is only
with the advent of competitive markets that the vagueness became
apparent in this theory. How is surplus labor expropriated when
there is no corvée, but only a labor market? (If you ask the wage
worker how long he must work to reproduce his family, he will reply,
“Forty hours a week”; if you ask the serf, he will reply, “Only three
days for my family, the rest of the time I slave for that jerk on the
hill.”) Marx resolved the vagueness in the received theory of exploita-
tion by constructing an essentially mathematical model, and extended
the applicability of the exploitation theory to capitalism.

To review this example: Before the advent of capitalism, one might
have held that the theory of exploitation necessarily entailed a coer-
cive institution for the exchange of labor. If exploitation means the
expropriation of surplus labor, of one class by another, then the his-
torical experience of slave and feudal societies would lead one to
believe that a necessary aspect of the theory of exploitation was a co-
ercive institution for labor exchange. Marx observed that this per-
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ception of the theory did not work for capitalism: He wished to claim
that exploitation was still occurring, despite the absence of a coercive
institution for labor exchange. (Indeed, that is the motivation for
Marx’s effort to explain the existence of exploitation in the presence
of “fair” or competitive markets.) One response to capitalist reality
was to say that there could not be exploitation, because markets were
competitive. This, in fact, is the essence of the neoclassical approach.
Marx’s approach was, in the terms of this discussion, to say that our
previous perception involved false inferences concerning certain
hidden dimensions of the theory. As long as society had experience
only with coercive institutions for organizing labor exchange, it was
not necessary to understand precisely what the theory looked like
along that dimension. Now that history has given us a mode of pro-
duction with, at least in principle, a noncoercive labor exchange
mechanism (a competitive labor market), one must attempt to model
the theory to see what it predicts in this new situation. Marx’s discov-
ery was that the theory of exploitation works through more mysteri-
ous channels than one might have thought. Exploitation is a logically
consistent idea even in the presence of competitive markets.

An important task for Marxists today is to extend the theory of ex-
ploitation so as to be able to evaluate whether exploitation can exist
under socialism. To this end, a model-building, mathematical ap-
proach should be as useful as it was for Marx. Indeed, we find our-
selves today in a theoretical predicament quite analogous to the one in
which Marx found himself. We have a fairly good understanding of
the dimension of the theory of exploitation that can be labeled “de-
gree of coerciveness of the institution of labor exchange.” The dimen-
sion of the theory that we have not had cause to examine, until the last
sixty years, is the one labeled “public ownership of the means of pro-
duction.” Just as neoclassical economists are incorrect in assuming
that the presence of a labor market means exploitation cannot exist,
so Marxists, or more generally, historical materialists, would be incor-
rect in assuming that the absence of private ownership implies the
abolition of exploitation. We lack, however, a model of exploitation
under these conditions that can help us evaluate if, in fact, the theory
is still applicable under socialism. Judgments on the issue of whether
exploitation exists in the Soviet Union differ widely among Marxists,
because we have no precise understanding of the relevant dimension
of the exploitation theory.

This ends the apology for the mathematical model-building
method in Marxian economics. Doubtless most of these arguments
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apply to social science as a whole, and doubtless many have been
stated more completely, and with more sophisticated philosophical
apparatus, elsewhere. 1 feel, nevertheless, that it is necessary to in-
clude such a statement here.

Two more important methodological issues remain concerning the
approach I have taken: the validity of a microfoundations approach
in Marxian economics, and the validity of an equilibrium approach.

The microfoundations approach consists in deriving the aggregate
behavior of an economy as a consequence of the actions of individu-
als, who are postulated to behave in some specified way. I have taken
this approach throughout the book. For example, in the chapters on
the falling rate of profit, it is postulated that a technical innovation is
introduced only if it increases profits for a capitalist. This micro ap-
proach is different from a macro approach, which might say: We pos-
tulate that technical change takes the form of an increasing aggregate
organic composition of capital. From the micro vantage point, one is
not allowed to postulate an increasing organic composition of capital
unless one can show what individual entrepreneurial mechanism
leads to it. Marxists might question the microfoundations methodol-
ogy because one of the forceful points of Marx’s theory is that the
individual is not the relevant unit to examine - it is the class. This
might lead one to try and build a model in which classes are the atoms
of the system.

I think it should be possible to produce such a model, but I do not
believe that model would be contradictory to the ones I have
described in this book. The reason is this: That individuals act as
members of a class, rather than as individuals, should be a theorem in
Marxian economics, not a postulate. Marx’s point is that despite the
capitalist’s incarnation as a human being, he or she is forced by the
system to act as an agent for the self-expansion of capital. Workers,
similarly, may have their individual yearnings and habits, but condi-
tions of life force them to acquire a class consciousness and to act, at
times, as agents of the working class as a whole and not as their own
agent. (This might be the situation, for instance, in a strike, where the
striker takes great chances for the good of the strike, which are not
personally worthwhile.) In each case, Marx has claimed that although
people exist organically as individuals, we can conclude that they act as
members of classes. It is in this sense that class behavior is a theorem
and not a postulate of the Marxian theory. [I have discussed this par-
ticular theorem of class consciousness elsewhere (Roemer, 1978b and
1979a.)]
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Thus, it is not antithetical to Marxian theory to produce models
using the microfoundations approach. In particular, I suggest that
one theorem of Marxism is a “microfoundations of class” analysis.

Taking the argument a step further, I would say that it is not only
admissable, but important, to take a microfoundations approach in
Marxian theory. A common error in Marxian discussions is functional-
ism: to assume that a mechanism necessarily exists to perform actions
that must be performed to reproduce the system. Put more simply, if
the occurrence of X will further the reproduction of capitalist rela-
tions, then X occurs. For example, if racist attitudes exist among the
working class, then capital will be strong. Therefore, capitalism fo-
ments racism. What is missing here is a description of the mechanism
by which this is accomplished. It may be in the interest of capital as a
whole to maintain discriminatory wage differentials for black and
white workers of equal productivity, but why should the individual,
profit-maximizing capitalist respect this differential when he or she
can increase profits by unraveling the differential — that is, by hiring
only black workers at a slightly higher wage than they are receiving
under the racist regime? [For one answer to this question, see Roemer
(1979c¢).] If we postulate capitalism as a system of anarchic, competi-
tive capitals, each bent on its own expansion, we must face this sort of
contradiction from functionalist arguments. Another example comes
from some Marxist-radical theories of education. Capitalism does
not require a highly educated working class, so the theory goes, but it
does require a well-socialized and docile working class. Schools, then,
will serve the role of socializing and channeling people into capitalist
society, but not of educating them. Now, this conclusion may be true,
but the functionalist nature of the argument eclipses the mysterious
and difficult part of the phenomenon — how does capitalism ensure
this role for schools, when teachers try to teach, students try to learn,
and so on? A third example is the role of the state. The capitalist state
acts in the interests of the capitalist class — that is the theory. But the
theory cannot be convincing unless one can demonstrate the mecha-
nism by which this occurs, especially because capitals do not have a
habit of cooperating with each other, as the primary aspect of each
capital’s existence is self-expansion and competition against other
capitals.

What one requires, then, are microfoundations for the role of rac-
ism, education, and the state under capitalism. Other examples
abound. In the cases when capitalism is guided as if by an invisible
hand to coordinate its preservation in the ways mentioned, one re-
quires an explanation of how anarchic capitals produce such a result.
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A second form of functionalism that exists among Marxists is the
converse of the first form: If X has occurred, then X must be in the
interests of capital. We again can take an example from education:
Because we observe compulsory education, it must be that capital re-
quires such for its reproduction. But this may not be the case: Com-
pulsory education may exist because the working class fought for it.
One can find many examples of this form of functionalism in Marxian
work: The general consequence of the error is to attribute an omnip-
otence to the capitalist class that it does not possess in Marxian theory.
The capitalist class is pushed along by historical developments: Not
everything that happens under capitalism was planned by it, nor is in
its best interests. In fact, according to Marx, the general tide of histor-
ical development favors the working class. Again, a defense against
this form of functionalism is a microfoundations approach.

There is a third form of functionalism among Marxists that,
strangely, seems diametrically opposed to the first two forms: If the
occurrence of X is necessary for the demise of capitalism, then X will
come to pass. We can see the general rule of which these different
functionalist forms are special cases if we phrase the general function-
alist position this way. We postulate a certain outcome for the social
system; functionalism then takes the form of claiming that only events
occur which lead to that outcome. In the first two forms of functional-
ism discussed, the outcome is the reproduction of capitalist relations;
in the third form, the outcome is the transformation of capitalism into
socialism. Perhaps the first two forms of functionalism are short-run
variants, and the third form is a long-run variant of the general func-
tionalist interpretation of Marxism.

Examples of the third form of functionalism in Marxian economics
are prevalent in crisis theory. The system must have crises, because
crisis is necessary for capitalist demise. The rate of profit must fall, be-
cause only in this way can crisis be brought about. The working class
must become impoverished, because otherwise it will never perform
its revolutionary task. Bourgeois democracy must transform itself into
fascism, because only fascism will heighten the contradictions of capi-
talism sufficiently to produce revolutionary transformation, which
must occur. These arguments are less than convincing; the form of
functionalism they involve is similar to that of the utopian socialism of
Marx’s time, which postulated socialist transformation without a
mechanism. Marx’s method was to counter utopian thinking by trying
to expose the mechanism that would bring the socialist transforma-
tion about.?

Finally, the equilibrium method has been used in the models in this
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book. While I have defended the approach of mathematical model-
ing, and the microfoundations approach, I have less confidence about
the equilibrium method. Like many economists of my generation, I
am strongly influenced by the power of the equilibrium method: of
examining a model when it is at rest, so to speak, in the sense that all
the rules that describe how its parts work are simultaneously fulfilled.
What is disturbing about the equilibrium method is that it pictures the
typical position of the system as a position the system rarely or never
enjoys. Of course, no sophisticated economic model builder would
claim that economies are in equilibrium in the sense of a static equilib-
rium model. A model is only an ideal type. However, there seems to
be a deep contradiction between using models whose main analytical
trick is to postulate a position that is precisely at variance with the
most interesting and important aspect of capitalist economy as
described by Marxian theory - its incessant, contradictory motion.
There is, therefore, the danger that if this intuition is correct, the
equilibrium method will prevent one from seeing the most important
aspects of the Marxian theory of capital. Knowing no other method,
I use the equilibrium method, with the vague thought that, when
rereading these pages in twenty years, its obsolescence as a modeling
tool for Marxian theory may be clear. (I might add that there is plenty
of precedent in Marx’s modeling of his theory for the equilibrium
method: Consider, for example, the notion of equalization of profit
rates among capitals, or the models of balanced growth designed to
show that capitalism was capable of reproducing itself.)

Summary

From the preceding discussion, it should now be clear what I am at-
tempting. The goal is to convey my perception of aspects of Marxian
economic theory by posing specific models. Furthermore, the aspects
of the theory that are discussed are classical ones; there is no attempt
to extend the theory to deal with new problems, such as the question
of exploitation under socialism discussed above.

In Chapters 1 and 2 the concern is with the Marxian notion of equi-
librium, and the theory of exploitation. A definition of equilibrium is
proposed that includes not only the usual concept of competition of
capital and profit maximization or the accumulation of capital
(leading to an equalization of profit rates), but also formalizes the
Marxian notion of the reproducibility of the economic system. The
model is examined in a general equilibrium framework. Within this
framework, exploitation is defined, and the equivalence of exploita-
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tion and positive profits is shown. In Chapter 1 the model is devel-
oped with the usual Leontief—Sraffa—Morishima linear input—output
specification of production. In Chapter 2 the model is extended to a
more general production environment: It is assumed that production
sets are convex sets. The purpose of this general treatment is to show
that the Marxian theories of equilibrium and exploitation do not de-
pend on the usual linear specification of production, but are very gen-
eral — as general, for all practical purposes, as the neoclassical model,
which has been developed for convex production sets. In addition to
this main theorem, there are various sidelights in these chapters; in
Chapter 1 there is a discussion of differential profit rates and imper-
fect competition in the linear model, and in Chapter 2 there is a modi-
fication of the exogenous subsistence bundle assumption which is
ubiquitous in Marxian mathematical models, and we allow workers’
consumption to be socially determined by technology.

In the first two chapters, one important market is missing, a credit
market. In Chapter 3 this omission is rectified by postulating that cap-
italists can borrow and lend capital among themselves, at an interest
rate. This allows a discussion of the foundations of the equalization of
profit rates in the Marxian model, and the differences between the
Marxian and “neoclassical” positions on the rate of interest as a return
to capital.

These three chapters constitute the first part of the book. Chapters
4, 5, and 6 are the next part, and are concerned with the theory of the
falling rate of profit. In Chapter 4 the relationship between the value
and price rate of profit is studied, and it is shown that competitively
induced technical innovations can only cause the equilibrium rate of
profit to rise in a linear production model, with only circulating capi-
tal. Technical innovations are described along two dimensions:
whether they are viable (will competitive capitalists introduce them?);
and whether they are progressive (are they socially desirable?). The
relationship between viable and progressive innovations is explored.
One interesting result is that viable innovations are not necessarily
progressive, nor are progressive innovations necessarily viable. At
first glance, this appears to contradict a neoclassical theorem, as it im-
plies that the invisible hand does not work very well. The exploration
of this anomaly awaits the reader in Chapter 4.

Despite an increasing awareness among Marxists of the rising-
rate-of-profit theorem of Chapter 4 (which, it should be pointed out,
is not original with this author, but has been discovered by various in-
vestigators over the past forty years), models continue to be put forth
to resurrect the falling-rate-of-profit theory. Chapter 5 addresses it-
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self to these models. The conclusion of the chapter is that none of the
proposals is convincing. Perhaps the most important such models to
evaluate are the ones involving fixed capital. It has been claimed by
several authors that the rising-rate-of-profit result is an artifact of
pure circulating capital models, but in the presence of fixed capital,
competitive innovations can lead to a falling rate of profit. This posi-
tion is rebutted in Chapter 5 by a theorem which states that in a gen-
eral model with fixed capital, the von Neumann activity analysis
model, competitive innovations result in a rising rate of profit. There
seems no hope for a theory of the falling rate of profit within the strict
confines of the environment that Marx suggested as relevant.

One of these confines is the assumption that the real wage remains
fixed before and after technical innovation. Indeed, if the real wage
rises, the rate of profit may fall with technical change. In Chapter 6 it
is shown that if the real wage increases after technical change, so that
workers maintain the same relative share in net product that they had
in the old equilibrium, then innovations that were competitively intro-
duced will cause the rate of profit to fall. This focuses attention on the
relationship between technical change and induced changes in the
real wage, which is a topic addressed in contemporary Marxian dis-
cussions of the labor process. The chapter concludes by showing how
these modern concerns with the nature of technical change mesh with
the classical question of the falling rate of profit.

Chapters 7 and 8 discuss the transformation problem. Already, in
Chapters 1-3, it has become clear that the Marxian theory of exploi-
tation can be constructed completely independently of the labor
theory of value as a theory of exchange. In Chapter 7 this important
point is expanded and specifically confronted. It is maintained that
Marx used the labor theory of value as a theory of exchange, at some
level of abstraction, and his theory of exploitation was then developed
as a corollary to the exchange theory. That is, the theory of exchange
was the conduit through which the labor theory of value was brought
to bear in deriving the theory of exploitation. In Chapter 7 the point
is made that the role of the labor theory of value in the theory of ex-
ploitation can be developed entirely independently of its role in
Marx’s exchange theory. It is maintained that the most fruitful inter-
pretation of Marxian value theory entails discarding the labor theory
of value in its role as exchange theory, and maintaining it only in its
independent role in the exploitation theory. In doing this, we are also
led to an interpretation of the logical status of the subsistence wage
concept in Marx, and in the reformulation of Marxian value theory, we
are able to discard the subsistence notion. This approach enables,
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also, a new interpretation of the Marxian “law of value,” which is pre-
sented as a theorem in Chapter 7. This chapter will no doubt be
viewed with some controversy; it is maintained that the “transforma-
tion problem” is most fruitfully resolved by the model presented.

Chapter 8 is a technical study of what I have called the “transforma-
tion correspondence.” It is a continuation of the model of Chapter 7,
and asks: What is the range of prices that can correspond to a given
social rate of exploitation? Answering this question provides some in-
sight into the conventional approach to the transformation problem,
and allows comment on various issues, such as the relative importance
of “marginal utilities” and “class struggle” in determining relative
prices.

In the general equilibrium models of Chapters 1-3, the concern
was with the Marxian theory of value and exploitation. As such, the
model in those chapters abstracted from questions of unemployment,
state expenditures, and the possibilities of a discrepancy between
supply and demand. In Chapter 9 we model various classical Marxian
theories of crisis, by introducing these aspects into a model. First,
simple reproduction is studied, a situation where capitalists consume
the entire surplus. Then, extended reproduction is studied. These
Marxian notions are modeled: an industrial reserve army in general
exists, which puts downward pressure on the real wage; the unem-
ployed are supported at some subsistence level by a state tax on prof-
its; there is, in general, a discrepancy between ex post and ex ante in-
vestment. (Perhaps this last notion in this form is better credited to
Keynes than to Marx, although Marx was an ardent opponent of Say’s
law.) It is shown that the industrial reserve army’s effect on wages can
lead to a profit-squeeze crisis; the state’s role as taxer of profits can
lead to a fiscal crisis; and the possible discrepancy between actual
savings and desired investment can lead to a realization or undercon-
sumption crisis. The model is schematically represented in a conve-
nient diagram that enables one to see how the various crises occur.

Some advice on how to read this book would perhaps be useful. I have
tried to avoid a misleading simplicity, which could be achieved by
stating theorems or their proofs imprecisely. For the reader who
wishes to follow the argument in detail, such a simplicity would lead
only to confusion. The cost of my approach is that the book does not
make for casual reading. I have tried to compensate for this by pro-
viding ample discussion of the implications and motivations of
theorems. I hope the book can be read at two levels: One level skips
the proofs of theorems. The reader who follows both the proofs and
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the surrounding discussion will find that the level of familiarity as-
sumed with results used in mathematical economics jumps abruptly in
the proofs. In addition, some chapters are easier than others.
Chapters 2, 3, and 8 are more technical than the rest.

The book is not intended as a first exposure to mathematical
Marxian economics. In general, I have avoided developing models
that are available from other authors, and have concentrated on what
I hope are fresh approaches. The reader who has not seen the
Leontief-Sraffa-Morishima approach to the labor theory of value and
prices of production will probably have a difficult time. Two recent
books that provide a clear and elementary presentation of the mathe-
matics and economics of linear models relevant for Marxian analysis
are Pasinetti (1977) and Steedman (1977). More advanced treatments
can be found in, for instance, Nikaido (1968) and Schwartz (1961).
The other kind of mathematics used in this book is the apparatus of
fixed-point theorems and continuous correspondences, which is
useful for the study of general equilibrium. The most succinct sum-
mary of these tools is to be found in Debreu (1973). Another classic
source is Arrow and Hahn (1971).



1 Equilibrium and reproducibility:
the linear model

1.1 A brief review

We begin with a discussion of what constitutes an equilibrium, in
Marxian terms, of a capitalist economy, and for this chapter study a
linear, Leontief specification of production.! Capitalists all have access
to the same Leontief production system {A, L}, where

Ais an n X n input matrix of commodities

Lis a 1 X n vector of direct labor inputs
If pisa 1 X n commodity price vector and the wage is normalized at
unity so that prices p are interpreted as wage prices, then the usual
notion of an equilibrium-price vector in a Marxian system is a vector p
for which there exists a nonnegative number # such that

p=(+mpad+L (1.1)

The vector pA + Lis the vector of unit costs of production (assum-
ing that there are no fixed capital costs), and so = may be interpreted
as the uniform profit rate for the economy. There may be, of course,
many pairs (p, ) satisfying Equation 1.1.

We add more information to the system by requiring that workers
each receive a subsistence vector of commodities b, an n X 1 vector. By
subsistence, we mean simply that the wage must be precisely sufficient
for b to be affordable, thus

pb=1 (1.2)

Here, the unit of time that denominates L, which is the same unit of
time for which the wage of unity is paid, is to be thought of as one
working day.

Combining (1.1) and (1.2), we see immediately that

p =+ mpl4 + bL) (1.3)
Thus, for a vector p satisfying (1.1) and (1.2) to exist, it is necessary

15
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and sufficient that the augmented input coefficient matrix M = A + bL
possess an eigenvalue 1/(1 + ) that does not exceed one, to which
can be associated a nonnegative eigenvector p. According to the
Frobenius—Perron theorem, if M is an indecomposable matrix, then
M has a unique eigenvalue that can qualify; that is, M possesses a
unique positive eigenvalue to which can be associated a nonnegative
eigenvector. It is, furthermore, the content of Morishima—-Okishio’s
fundamental Marxian theorem (FMT) that if the rate of exploitation e is
positive, then the Frobenius eigenvalue of M will be less than one, and
so the associated profit rate will be strictly positive.

The rate of exploitation is defined in terms of the labor time
embodied in the subsistence bundle. The vector of labor values is A, a
1 X n vector, where

A=AA+L (1.4)
Assuming that A is indecomposable and productive, we can write?

A=LI-A)"1>0 (1.5)
The labor time embodied in the subsistence bundle is therefore Ab;
surplus labor time in the working day is 1 — Ab, and the rate of exploi-

tation is classically defined as the ratio of surplus to necessary labor
time:

1 — Ab
® =%

(1.6)

Because the FMT has a prominent place in modern formulation of
Marxian economics, it is appropriate to provide a quick proof of it.

THEOREM 1.1: Let M = A + bL be the augmented input coefficient
matrix associated with technology {A, L; b}. Suppose that M is inde-
composable. Then the unique rate of profit # associated with M is
positive if and only if e(b) > 0.

Proof: Let (m, p) be the unique pair satisfying
p = (1 + mp(A + bL) (1.7)

which exists according to the Frobenius-Perron theorem. (p is deter-
mined only up to a scalar multiple; that scalar is determined by Equa-
tion 1.2.) It is also a consequence of Frobenius—Perron that, because
M is indecomposable, p > 0. Likewise, there is a strictly positive
right eigenvector x:

x=(1+mA +bL)x (1.8)
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In (1.7) and (1.8), the eigenvalue of M is 1/(1 + #). 7 may in general
be negative. It is our task to show that 7 = 0 if and only if e(b) = 0.

Pre-multiplying (1.8) by the vector A and using the definition of e,
we may write

Ax = (1 + ﬂ)(AAx — Lx) (1.9)
1+e

Because A and x are positive, both sides of (1.9) are positive, and we

may write

Ax

! +1r=[AA+ 1/(1 + ¢L)x

(1.10)

Glancing at the definition of A in (1.4) shows, by consideration of
(1.10), that = £ 0 according ase¢ £ 0. Q.E.D.

1.2 A more complete definition of Marxian equilibrium

In traditional mathematical models of Marxian systems, such as that
of Section 1.1, it is simply asserted that a Marxian equilibrium consists
of a price system that equalizes the rate of profit in all sectors. There
are, however, some problems with this formulation. First, what behav-
ioral specification of capitalists lies behind this definition of equilib-
rium? The concept of equilibrium in economics is usually the follow-
ing: It consists of a state wherein, if all agents follow their specified
rules of behavior, the consequent outcome is socially consistent.
Speaking of equilibrium makes no sense if one has not specified
behavioral rules for the agents, in this case, the capitalists. In the
Marxian system (as in others), capitalists seek to maximize profits.
One should therefore try and derive the equal-profit-rate (EPR) price
vector as a consequence of profit maximization on the parts of capital-
ists.

One might reply that the story behind the pre-model of Section 1.1
is in fact one of profit maximization: If the rate of profit differed
among sectors, then capital would flow to the highest-profit-rate
sector(s); prices would fall there (due to competition and increased
supply), and the profit rates would become equalized. Note, however,
that this is a rather complicated dynamic story, in which many points
are quite vague. How precisely do prices adjust? In fact, Nikaido
claims that under such a dynamic scenario of capital moving to
high-profit-rate sectors, there is no necessary convergence to any equi-
librium price vector (Nikaido, 1978). At most, what can be said of the
EPR price notion of Section 1.1 is this: If there is an equilibrium of the
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Marxian system, then it should be the price vector of equal profit
rates. However, this still leaves unspecified what the precise behavior
of capitalists is. For instance, in a (neoclassical) linear model, if capital-
ists are profit maximizing at prices that bring a positive profit rate in
all sectors, they will invest infinitely, to make infinite profits. Thus,
there could be no equilibrium unless = = 0, which is to say, unless the
real wage b becomes sufficiently bid up by escalating demands for
labor so as to wipe out profits. How, then, can the Marxian behavior
be specified in a way that allows a positive profit rate in a constant-
returns-to-scale technology?

Capitalists, according to Marx, are endowed with an amount of
money M, which they seek to turn into more money, M’, through in-
vestment and sale of produced commodities. This money M does not
appear in the formulation of Section 1.1. Itis by appealing to the notion
of the expansion of a finite sum of finance capital that we shall over-
come the problem outlined above.

A second problem with the model of Section 1.1 is that there is no
mention of output levels. For a notion of general equilibrium, we
would like to specify not only prices, but what output levels are. To be
sure, the fact that Marxian “equilibrium prices” are independent of
output levels is usually regarded as a virtue: Prices are determined by
technical (4, L) and social (b) conditions, and do not depend on any-
thing else. Yet this is a false benefit, for an equilibrium theory should
provide some description of levels of output, even if prices turn out to
be independent of those levels.

To resolve these problems, we shall treat the economy slightly dif-
ferently from the treatment of Section 1.1. There are N capitalists;
the vth one is endowed with a vector of produced commodity endow-
ments ’. Workers have no endowments of produced commodities;
they have only labor power. We shall assume the same technology {4,
L}, but it operates in a different way. Production takes time. One
enters inputs today and gets outputs tomorrow. Furthermore, capital-
ists, facing prices p, are constrained in their choice of activity levels by
the value of their capital, which is p@*. There is no credit market, and
they must pay for inputs today. (In Chapter 3 we shall relax this
restriction of no credit market, and show that none of the results
change.) Capitalist » starts with capital @’, which he seeks to turn into
more wealth at the highest rate of return. Thus, the program of capi-
talist » is

Facing prices p, to

choose x* = 0 to

max (p — (pA + L))x¥

st.(pA+Lx* =2 p - @ P)
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(The constraint says that input costs can be covered by current capi-
tal.) Let us call A¥*(p) the set of solution vectors to this program.

In this economy, for a given price vector p, the plans that different
capitalists choose may not be feasible in aggregate. That is, we must
guarantee, for p to be considered an equilibrium price vector, that the
production choices capitalists make are globally feasible, given social
endowments @ = 3@". For each v, let x* € A*(p) and x = 3 x*. Then
x is globally feasible if

Ax + (Lx)b = @ (1.11)

which says that total intermediate inputs (Ax) plus wage goods for em-
ployed workers, (Lx)b, must not exceed the total supply of goods. (We
assume that wage goods are dispensed at the beginning of the period.
Thus stocks must be sufficient to accommodate them as well.)

There is a second attribute that Marxian equilibrium should have.
We wish to guarantee that the economy reproduces itself. The Marxian
notion of reproduction means that the system should create institu-
tions and ideology that enable it to continue existing. We do not try to
capture this deep idea, but rather the simple economic prerequisite
that the economy should not operate in such a way as to run down
some necessary stock to zero, in which case further production would
be impossible. There are various complicated ways of specifying con-
ditions to assure that this will not happen. A particularly simple way is
to require that the stocks, at the beginning of next period, should ex-
ceed, component by component, stocks this period. If aggregate
stocks this period are @, then stocks next period will be

o — [Ax + (Lx)b] + x

where x is the aggregate vector of activity levels operated, only em-
ployed workers eat, capitalists do not eat, and all stocks not used are
storable. Hence, our requirement for reproducibility is

o —[Ax + (Lx)b] + x 2 @
or
x 2 Ax + (Lx)b (1.12)
We can now state the definition of equilibrium. Facing prices p,
each capitalist maximizes profits using the technology {4, L}, subject
to his or her capital constraint. Will there exist a set of individually op-

timal actions for capitalists that are socially feasible and reproduce the
economy?

DerFINITION 1.1: A price vector p is a reproducible solution (RS) for
the economy {4, L; b; @', . . . , @"}if:
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(a) For all v, Ax* € A*(p), such that (profit maximization)

(b) x =3 x"and x = Ax + (Lx)b (reproducibility)

(c) ppb=1 (subsistence wage)

(d) Ax + (Lx)b = w =3 w’ (feasibility)

We shall also refer to the entire set (p; X!, . . . , x¥) as areproducible
solution.

This definition provides a behaviorally specific concept of equilib-
rium, as our discussion above required. One might still ask for a more
amplified behavioral description of workers. In the present model,
they are quite inanimate, demanding always the constant vector b.
Furthermore, one might ask what capitalists consume, and what
happens to workers who are unemployed at equilibrium. These are
questions that, to some extent, are treated in later chapters in various
ways. For the present, however, the purpose is to derive a consistent
model of capitalist behavior, from which can be specified an equilib-
rium concept. Definition 1.1 attempts to capture the idea that capital-
ists are agents whose role is to transform their fixed sum of capital
into the biggest sum of capital they possibly can during the produc-
tion period.

We can now prove that, in fact, the only possible equilibrium price
vector is the equal-profit-rate (EPR) price vector; and that such an
equilibrium exists if social endowments @ are suitably close to the bal-
anced growth ray of the economy.

THEOREM 1.2: Let the model {A, L, b} be given with A productive and
indecomposable, and the rate of exploitation ¢ > 0. Let (p, x', . . .,
x") be a nontrivial RS (i.e., = x' = x # 0). Then the vector of prices p
is the EPR vector p*. Furthermore, a RS exists if and only if @ € C¥*,
where C* is a particular convex cone in R" containing the balanced
growth path of {A, L; b}. (C* is specified precisely below.)

Proof: Let x # 0 be the aggregate activity vector associated with the
RS. By Definition 1.1(b), x 2 Mx. Recall that M = A + bL s the aug-
mented input coefficient matrix. Notice that, from Theorem 1.1, we
infer that ¢ > 0 means M is a productive matrix — that is, the Fro-
benius eigenvalue of M, 1/(1 + ), is less than unity. It follows from
the Frobenius theorem that (I — M)™ exists and is a positive matrix,
because M is indecomposable. Notice also that because x # 0, we
must in fact have x = Mx; for if x = Mx, then M’s Frobenius eigen-
value would be unity, which it is not. But x = Mx implies that
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(I = M)x = 0; because (I — M)™! > 0, this in turn implies that x > 0.
That is, at a (nontrivial) RS, all activities must be operated.

Capitalists facing prices p, in maximizing profits, will operate only
those processes generating the maximal profit rate, and they will
operate those processes in (any) convex combination to the limit of
their capital constraints (by linearity). This is seen by recalling the cap-
italist’s program (P). Hence, for all processes to operate, it is necessary
that the price vector p generate the same profit rate in all sectors. By
the Frobenius—Perron theorem, there is a unique such vector up to
scale, and its scale is determined by part (c) of the definition of RS.
Thus, there is at most one viable price vector, p*, where p* = (1 +
m)p*M.

Let C* be the convex cone defined by

C* = {0 ERY(Ix Z 0)(Mx = w) and x = Mx}

C* is a convex cone, and it is non-empty because there exists a bal-
anced growth path x* such that

x* = (1 + m)Mx* x* > 0

where ar is the profit rate associated with p*. (¢ > 0 guarantees 7 > 0,
from the FMT, Theorem 1.1.) Hence Mx* € C*, with appropriate
scaling of x*. It follows from previous remarks that C* is a closed
non-empty convex cone in the nonnegative orthantR%. (Note that the
only point of C* not in the strictly positive orthant is the origin.)

We proceed to show the existence of a RS if @ € C*. Let X be a
vector that exists if @ € C*, such that MX = @ and x Z Mx. Let p*
rule, as those are the only possible equilibrium prices. Notice in this
case that any activity vector that uses up capitalist v’s capital is in fact a
profit-maximizing one, because all processes generate equal profit
rates at p*. It follows that

A(p*) = {x = O|p* Mx = p*w}  where A(p) = 2 A*(p)
[Notice that any x in this set can be decomposed as x = 3 x*, where
px’ = pe’, and therefore x* € A¥(p*).] In particular, it follows that
% € A(p*). All conditions of the definition of RS are satisfied.
Conversely, let {p*, x!, . . . , x"} be a RS. By linearity, each capital-

ist must spend the entire value of his or her endowment if he or she is
maximizing profits; thus

pP*Mx’ = p*w’ Yy
and so

p*Mx = p*w
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where x = 2 x%. From part (d) of the definition of RS, Mx = w; be-
cause p* > 0, from the Frobenius—Perron theorem, it follows that
Mx = o from the last equation. From part (b) of Definition 1.1, x =
Mx, and consequently w € C*.

Hence C* is precisely the cone of initial aggregate endowments for
which reproducible solutions exist* Q.E.D.

Notice in the proof what assumptions are necessary to show that the
EPR price vector p* is the only equilibrium price vector: All capitalists
face the same technology, capitalists profit maximize, and the system
must reproduce. If a capitalist had only the operation of certain
sectors available to him or her, clearly reproducible price vectors
could exist with different profit rates. (We shall study this more pre-
cisely below.) More important, however, is the observation that if the
requirement of Definition 1.1(b) of reproducibility is dropped, then
there can be equilibrium price vectors that render differing profit
rates across sectors. Only those sectors will be operated that enjoy the
maximal profit rate. Hence, the classical notion of the reproducibility
of the economy is intimately bound up with the equalization of profit
rates in this economy.*

The reader can easily verify that, although the indecomposability of
M is key in this proof, so that all sectors operate at equilibrium, an
analogous theorem holds for decomposable technologies. The modifi-
cation becomes: The price vector must equalize profit rates among all
sectors that operate.

Before continuing, let us reiterate the purpose of Theorem 1.2. It
makes precise the sense in which the EPR price vector is a set of equi-
librium prices. Notice that the equilibrium concept is a static one; as
was mentioned previously, conceiving of EPR prices as an equilibrium
of dynamic capital flow—price adjustment models is problematical.

Notice also that the sense in which a reproducible solution repro-
duces the system is quite limited: The only workers who get repro-
duced are those who are employed. [This is embodied in Definition
1.1(b): The only demand for goods by workers is from employed
workers, in amount (Lx)b.] Indeed, the model says nothing about un-
employment. By pursuing this question a bit, we can tell a story to mo-
tivate the assumption that workers receive only a subsistence wage in
this model. The scale of aggregate production is limited by initial ag-
gregate endowments. Even if workers received no wage, the ag-
gregate activity vector x must satisfy Ax = w. Hence there is some
maximal demand for workers implied by society’s finite capital stock.
If the supply of workers is greater than this maximum, the wage
would be bid down to zero by competitive forces. Before the wage
falls to zero, however, workers will cease to offer their labor power for
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sale; in particular, if the wage is not sufficient to purchase some sub-
sistence bundle b, then workers will withdraw from the capitalist
economy and engage in handicraft production, or some such alterna-
tive. Thus the wage will be driven down to the subsistence wage, but
no lower. The excess supply of workers forms the industrial reserve
army who are indifferent to joining the capitalist sector at wages pb,
but who are always available should the wage rise. Thus, one story be-
hind the subsistence wage as an equilibrium concept, which we derive
from this model, flows from the limited size of the capital stock with
respect to the size of the labor force.

1.3 A model of imperfect competition

We next pursue a slight generalization of the above model. Suppose
that all capitalists do not face the same technology. In particular, each
capitalist has access to only a subset of the technologies for the n
sectors. Of course, there may be some sectors to which several capital-
ists have access. Let us specify that capitalist » can operate any sector
indexed by an integer in the set S,, where S, is a subset of {1, 2, . . . ,
n}. As before, there is no credit market, so a capitalist can only sink
capital into one of the sectors available to him or her. We may define
reproducible solutions as before; the only difference is that the pro-
gram for capitalist » to which the vectors A¥(p) are the profit-
maximizing solutions is more restricted than before, because capitalist
v has access to only certain columns of the technology {A, L}. What
does the class of prices that support reproducible solutions look like?
Clearly, the EPR prices p* will be a RS; but there will in general be
others. This might be viewed as a model of imperfect competition, be-
cause “entry” into the various sectors is limited. Alternatively, we can
view S, as the information available to capitalist ».

The perhaps surprising fact is that there are, in general, an infinity
of equilibrium price vectors for this economy. In fact, we can use the
Kaleckian notion of degree of monopoly (Kalecki, 1954) and assert
roughly the following: For each of infinitely many prior distributions
of degrees of monopoly among the » capitalists, there corresponds an
equilibrium price vector. Hence, at the level of abstraction adopted
thus far, it is “market power” that must determine the equilibrium,
although there are other possible stories which will be mentioned later.

To see this, let us start with the simplest case. Suppose that the sets
Sy, . . ., Sy of technologies to which the various capitalists have
access are pairwise disjoint: $; N S; = @, for all 4, j = 1, N. (In particu-
lar, in this case we must have N =< n if all capitalists are to exist in a
nontrivial way.) We maintain, for simplicity, the assumption that the
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technology is indecomposable. Then, as before, all sectors must
operate to achieve a RS. It follows that p can be an equilibrium price
vector if and only if the profit rates are equalized within each set §,.
Formally, let

pi = (1 + m)pM; M; = A; + (bL)

define the profit rate in sector i associated with a particular price
vector p. (M; and A, are the ith columns of the matrices M and A.)
Then p is a reproducible price vector if and only if:

(W)(G,j ES, > m=m) (1.13)

For if this did not hold for some », then that capitalist would operate
only the sector(s) of maximal profit rate in his or her available set S,.
Because no one else can operate the other sectors, by disjointness of
the §,, reproducibility is impossible. Conversely, if condition (1.13)
holds, it is clear any desired levels of activities that are socially feasible
can be achieved as individually profit-maximizing for capitalists.

We next prove that we can specify the profit factors to have any de-
sired ratios among the sets Sy, . . . , Sy, and a price vector achieving
those profit factors exists.

LEmma 1.3: Let d,, . . . , dy be any positive numbers such that:

() mind; =1

() max d; < 1 + 7*

where 1/(1 + @*) is the Frobenius eigenvalue of the matrix M. Then
there exists a unique price vector p = 0, which is in fact strictly posi-
tive, generating positive profit rates 7y in sectors ¢ such that:

1+1T(_d(
1+1Tj_dj

for all 7, 5

Proof: Let D be the diagonal matrix (dy). Clearly MD is indecompos-
able.

MD is a productive matrix: for let p* be the eigenvector of M:
p* = (1 + w*)p*M
Because max; di < 1 + @*, it follows that
p*D™! > p*M
and so
p* > p*MD,

showing the productiveness of MD.
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Hence, there is a unique vector p and positive number 7 such that
p = +HpMD
and so
PD = (1 + HPM
or
B = di(1 + P)PM;

Thus the profit factor in sector ¢ associated with the vector p is
1+1T,'Edi(1+1-‘)

and so

1+7Ti di

1+7Tj_dj

Furthermore, 7; > 0 for all i, because d; = 1 and # > 0.

Uniqueness of p follows easily. If p were not unique, there would
exist a vector p such that
pi = d(1 + HPMD
where 7 is defined by the profit rate in the sector i for which d; = 1.
Hence

p=Q+HpMD

contradicting the uniqueness of the Frobenius eigenvector for the
matrix MD. Q.E.D.

Note. It can be observed from the proof that the condition dpax < 1 +
m* is only a sufficient condition for the result of the lemma to hold. In
general, dpay can be greater than 1 + #* and the result may still hold.
We shall not be concerned with a more complete formulation of the
acceptable domain of degrees of monopoly.

A direct application of the Lemma 1.3 to the case in point, where
S, N S, = 0 for all v, «, shows that a unique equilibrium price vector
exists, for any desired distribution of degrees of monopoly {d;, . . .,
dy} among the various capitalists. Simply assign the number d, to all
sectors in S,.

Consideration of the general case, where S, and S, may overlap,
can now be carried out. We first must define an admissable indexing of
capitalists. We wish to index capitalists from 1 to N in such a way that a
capitalist with index v never has access to an activity to which capitalist
(v + 1) does not have access. That is, capitalists are indexed in order
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of nondecreasing access to information, so to speak. Formally, this
may be accomplished as follows.

DEerFINITION 1.2: An indexing 1, . . . , N of capitalists is admissable,
if, when the sets Ty are formed:

T,=5
T2=Sz_sl
T3 =83 —(5:USy)

Tk=Sk—US,'

i<k

TN = SN - U Si
i<N
they have the following property: For some integer 1 < 7 = N, Ty #
Ofork=rand T, =0 fork>r.

This somewhat awkward combinatorial definition states that each
of the first 7 capitalists has access to some process not accessible to cap-
italists of lower index, but that no capitalist of index larger than 7 has
access to a process not already accessible to some capitalist of index
=7,

For any partition Sy, . . . , Sy of the activities, it is easily seen there
is at least one admissable indexing of capitalists. In general, there are
many admissable indexings. For instance, if every capitalist has access
to a sector to which no other capitalist has access, then any indexing of
the capitalists is admissable. The case of pairwise disjoint Sy is a spe-
cial case of this special case.

We can now state the general theorem.

THEOREM 1.4: Consider the imperfect competition model where cap-
italist ¥ can operate only sectors in a subset S, of {l, . . . ,n}. Let § =
{ir, . . . , in} be any admissable indexing of capitalists. Let

T‘J = S‘J - I}<Jj S‘k

Let there be 7 non-empty sets Ty,. Let dy < - - - < d,, be numbers
such that

@ dy=1

@) d,, <1+ 7%
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where 1/(1 + @*) is the Frobenius root of M. Then there is a unique
price vector p that achieves degree of monopoly d; for the capitalist 4
to whom corresponds the non-empty set T;,. That capitalist, at the RS
corresponding to p, operates all sectors in T;,. Conversely, all repro-
ducible price vectors are of this form for some admissable indexing
and degrees of monopoly d; = - - - = d,,.

(Asin Theorem 1.2, the existence of a RS corresponding to p is sub-
ject to the requirement that the aggregate endowments @ be suitably
close to the balanced growth path. In addition, as was mentioned pre-
viously, there is in fact slightly more freedom possible on the largest
degree of monopoly.)

In the statement of Theorem 1.4, for the sake of clarity, it is not
specified what degree of monopoly will be enjoyed by a capitalist » for
v > 7. The procedure for deciding is this: Insert capitalist #’s set S,
into the original chain Ty, . . . , T, and ascertain at what point he or
she ceases to have access to new information. That is, define the sets:

(v =S,
Tg(v) = Sy - Sl

Tk(V) = S,, Y S(
i<k

For some k < 7, Ti(v) = 0. Let k, be the largest integer k for which
Ti(v) # 0. Then capitalist » will sustain degree of monopoly dy, at the
equilibrium.

The statement of the proof of Theorem 1.4 will not be provided;
the main work is in the theorem’s formulation, not its proof, which is
a direct application of Lemma 1.3.

Theorem 1.4 is a little surprising: One might think that the technol-
ogy (A, L; b) would impose certain restrictions on the partitions
81, - . ., Sy of information available to various capitalists, for which
there could correspond price vectors allowing all sectors to operate
under individual profit maximization, while giving different capital-
ists different profit rates. This, however, is not so. Any arbitrary parti-
tioning of “information” can support an equilibrium price vector that
provides differential returns to the special information possessed by
the various capitalists.

How special the information possessed by a particular capitalist is
can be gauged by how high is his or her index in some admissable in-
dexing. Suppose, for clarity, capitalist ¥'s set S, is strictly contained in
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all other S,: then he will always be of lowest index in any admissable
indexing, and his degree of monopoly will be minimal. The opposite
case s of a capitalist who has access to a sector to which no one else has
access; then there exists an admissable indexing in which his index is
the highest, and hence there is an equilibrium price vector at which he
possesses the highest degree of monopoly. (Note, however, that there
may also be admissable indexings in which he has a low index.) This
last point is starkly summarized as follows.

COROLLARY 1.5: Let a partition S,, . . . , Sy be such that each capital-
ist possesses access to a sector accessible to no other capitalist; that is,
LJJ Si#1{l, . . ., n}, where J is any proper subset of {1, . . . , N}

Then there is a reproducible price vector assigning the maximal de-
gree of monopoly to any given capitalist.

The second perhaps surprising conclusion of Theorem 1.4 is that,
once an admissable distribution is decided upon, only the ordinality of
degrees of monopoly is determined. The cardinalities can range over a
continuum.

Thus, we have a hierarchical determination of the degree of
monopoly: First, there are upper and lower bounds placed on a capi-
talist’s ordinal ranking in the degree of monopoly based on the
amount of information he possesses — this idea is summarized by his
possible positions in admissable indexings. Second, given an admis-
sable indexing, the precise cardinalities of degrees of monopoly are
(virtually) arbitrary, in ratio (by Lemma 1.3). Thus, as far as the
theory developed to this point is concerned, one would be inclined to
say that market power determines the precise oligopolistic solution
for the price vector.

What has been endeavored in this section has been to provide a
basis for further modeling of oligopolistic behavior in the linear
Marxian model. We have seen, first, that any partitioning of entry
barriers in a linear Leontief technology can support a reproducible
solution; but, furthermore, there is a great range of reproducible so-
lutions possible. Which reproducible solution is arrived at can be dis-
cussed only with further stipulations on the model.

Finally, it might be mentioned that there is one way of arriving at a
determinate solution to the problem without recourse to bargaining
models. One can take the point of view that the degree of monopoly is
really a differential rent. Imagine that there are two ways of pro-
ducing each good i: the observed way (4;, Ly), and some inferior way
(A4, Ly). There is limited entry to operation of the observed technique,
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but free entry to the technique (Ay, Ly). It is then possible to construct
a theory where the degrees of monopoly are determined by the dif-
ferential rents of the superior processes over their inferior counter-
parts. This model will not be presented here, as the supposition of
these (non-observed) inferior processes stretches the imagination. At
least as a thought experiment, however, the idea deserves mention, as
it shows how what may appear to be a pure bargaining—market-
power phenomenon in fact has a competitive structure in the alterna-
tive opportunities faced by the agents in the bargain. Basically, the
argument is this: The degree of monopoly in the auto industry rises
as the relative price of autos rises. How high can this degree of
monopoly be pushed? If auto prices rise too high, then the inferior
auto process, into which there is free entry, becomes profitable, and
capitalists rush into that activity and other sectors do not operate,
destroying reproducibility. Hence, there is a limit to the degree of
monopoly in a particular sector imposed by the productiveness of the
(shadow) inferior activity for producing that sector’s output. This is
the sense in which the degree of monopoly in a sector with limited
entry can be viewed as a differential rent over processes into which
there is free entry.

14 Some dynamics in the linear, Leontief model

We return now to the competitive model of Section 1.2 where all capi-
talists have access to the entire technology (A, L). Recall from
Theorem 1.2 that a reproducible solution exists if and only if the so-
cial endowment @ lies in a certain cone C* containing the balanced
growth path. This raises the following dynamic question. Suppose
that @ € C*, and a RS prevails. At the beginning of the next period,
there will be new social endowments @', as a consequence of last
period’s production. Will @' € C*? That is, would a dynamic model
lead to continued reproducibility? In general, the answer is no: It de-
pends on the technology. We shall investigate this question in this sec-
tion.

We first define a weaker equilibrium notion than reproducible so-
lution. Individual capitalists are not concerned with whether a given
equilibrium is reproducible; they simply maximize profits. This moti-
vates the following definition.

DEFINITION 1.3: A competitive equilibrium (CE) with respect to initial
endowments (@', . . . , @") is a pair (p, x) such that:



30 Marxian economic theory

That is, a CE that is also reproducible is a RS. Even if @ € C*, com-
petitive equilibria exist.

THEOREM 1.6: For any (@?, . . ., @"), a competitive equilibrium
exists.

Proof: Let S = {p|pb = 1}, the simplex. (Assume thatb > 0 so that S is
a simplex.) Construct the correspondence z(p) = {Mx — @|x = 2 x,
x” € A’(p)}. It is easily verified that z(p) satisfies the requirements of
the fixed point lemma;® hence, a vector p and X exist such that
Mx —w=0and x € A(p). QED.

If @ € C*, what happens? We shall say that a competitive equilib-
rium is arrived at, (p, x). The initial endowments for the next period
will be

wit+1) =wlt) - Mx +x

that is, the old endowment plus net outputs x — Mx.

DEFINITION 1.4: A good is in excess supply at a CE (p, x) if o; >
(Mx);.

LemMma 1.7: If good iis in excess supply at CE (p, x), then it is not pro-
duced:

0> Mx); > x5 =0
Also, a good in excess supply is free:
w; > (Mx); > p =0

LeMMa 1.8: Let (p, x) be a CE for technology {A, L; b} for which it is
assumed that ¢ > 0. If pw > 0, then (p, x) generates positive total
profits.

Proof of Lemma 1.8: Suppose that there were zero total profits at (p, x).
Then each capitalist makes zero profits. Because pw > 0, for at least
one capitalist, pw” > 0. This capitalist will operate a positive-profit-
rate activity if there is one, so all activities must have nonpositive
profit rates, hence:

P=EpM



Equilibrium and reproducibility 31

Let x* be the column eigenvector of M. We know that Mx* < x*,
by Frobenius—Perron. We know that p = pM is impossible by Fro-
benius, because M has a unique row eigenvector, and it is associated
with eigenvalue 1/(1 + #) < 1. Hence

p=<pM

Post-multiplying by x* gives
px* < pMx*

But x* = (1 + m)Mx*, which implies that
px* > pMx*

This contradicts the original assumption. Q.E.D.

Proof of Lemma 1.7: Consider capitalist with endowment w*. Let (p, x)
be a CE. Say pw > 0. By Lemma 1.8, there are positive total profits;
hence there must be a positive profit-rate process, and so capitalist v
can certainly operate this process and make positive profits. By lin-
earity, capitalist v will therefore operate to the limit of his capital con-
straint. That is, he will choose a vector of activity levels x” such that

pMx’ = pw” (1.14)

On the other hand, if pw” = 0, then certainly (1.14) holds also.
Hence, adding gives

pMx = pw
or
pMx —w) =0 (1.15)

By (1.15) it follows that any good which is in excess supply at CE (p, x)
has zero price. Consequently, the profit rate for operating the activity
that produces that good is nonpositive. However, by Lemma 1.8, we
know that there are positive profit-rate processes: hence, the nonposi-
tive profit-rate processes will not be operated. Q.E.D.

Using Lemma 1.7, it is possible to construct a complete taxonomy of
the CE for the case of an indecomposable 2 X 2 matrix M. Let M be
2 X 2, and let a; and e, be the (positive) input requirement vectors
for operating the first and second processes, respectively, at unit
levels:

a, = M(1, 0)
a, = M0, 1)

Let us suppose that e; lie as pictured in Figure 1, which is the positive
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Figure 1

orthant in input-requirements space. Then any vector of outputs x
will generate input requirements lying in the cone A;0A,. Suppose
that the initial endowment vector lies to the right of the cone, as pic-
tured. Then, by feasibility, any competitive equilibrium (p, x) must
have its input requirements Mx lying in the rectangle CwDO to the
southwest of w; because Mx € A,04, also, it follows that good 1 must
be in excess supply at competitive equilibrium. It follows by Lemma
1.7 that p; = 0 = x,. Thus, only process 2 is operated, and process 2 is
operated to the limit of the capital constraint.

To get a dynamic story, we must replace the discrete model here
with a continuous model. We shall not do this in all rigorous detail
here, but the idea is as follows: We think of @ not as a stock of inputs
to be used up, but as a stock of capital generating capital services over
a large number of periods. At each period, the initial endowment of
capital, @, is adjusted by the net product x — Mx, in the sense dis-
cussed:

wt+ 1) = el - M[x(®] + x@®

We have observed that if w(?) lies to the right of the cone A,0A4,, then
we get a solution x(¢) with the property:
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x(t) =0
x(t) > 0
Furthermore, M[x(#)] > 0, and we therefore have
oyt + 1) < wy(t)
@yt + 1) > wa(t)

(Observe, also, that x(f) > {M[x(2)]}s, by productivity of M.) Hence,
the net endowment vector moves toward the cone, as indicated by the
arrow in Figure 1.

We can carry out this analysis for other positions of the initial en-
dowment vector, and the phase diagram of Figure 1 is generated.

In Figure 1, x* is the balanced growth path. B,OB; is the cone C*, in
which reproducible solutions exist. A;04, is the cone of feasible input
requirements. If w lies precisely on the balanced growth path, then
there is a competitive equilibrium that keeps it there. However, if w
lies elsewhere in the cone A;0A4,, the endowment vector, over time,
moves away from the balanced path x* toward the boundary of the
cone. (On the cone’s boundaries, behavior is not continuous.) If @ lies
initially outside the cone, it moves toward the cone. From the figure, it
can be seen that the difference between w € B,0B; and w € B,0B; is
this: If and only if @ € B,0B,, the endowments of both goods in-
crease during that period. Hence, the dynamics are unstable. @ does
not converge to a value inside B,0Bs,.

There is a second case, namely, when the factor intensities are re-
versed, as in Figure 2. (In the first case, each output was relatively in-
tensive in its own input.) In the factor-reversal case, the phase dia-
gram of Figure 2 holds. Thus, the case of factor intensity reversal
does generate stability and a convergence of endowments toward the
domain B,0B; where reproducible solutions exist.

This discussion shows that in general there is no convergence
toward reproducible solutions. It is possible, though perhaps not
fruitful, to interpret the paths that lead away from the cone of repro-
ducible endowments as the paths leading to the “disproportionality
crises” of Marx.

More appropriate, however, is to consider a possible alteration of
the basic model that should be made if we are to consider it dynami-
cally. Time is of the essence in the model of production constructed in
this chapter, and so it is only appropriate to allow capitalists to expect
different prices to hold tomorrow than hold today. Instead of assum-
ing that tomorrow’s prices will not change, capitalist » may hold ex-
pectations that prices next period will be pt;,, when today’s prices are
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Pt We would then consider the model of the present chapter as a tem-
porary equilibrium model. In particular, as the economy starts to run
out of one good, as happens in the exploding technology of Figure 1,
we might expect capitalists to raise their price expectation for the
good in short supply, thus making its production more profitable,
thus resolving the crisis of exit from the feasible cone C*. Such com-
plications shall not concern us here.® For our purposes, we may con-
sider the model of this chapter to apply to stationary points of capital-
ists’ price expectation functions. If the endowment “converges” as in
Figure 2, then in fact stationary expectations are consistent, and the

economy eventually converges to aggregate endowments on the bal-
anced growth path.

The main purpose of this chapter has been to define a precise equilib-
rium concept for a Marxian model, the concept of a reproducible so-
lution. In the next chapter, we investigate the application of this idea
to economies with far more general production sets than the Leontief
technology {A, L}. Our concern shall be to develop the Marxian
theory of value in these general economies.



2 Reproducibility and exploitation:
a general model

2.1 Introduction

We have shown that the traditional Marxian notion that equilibrium
prices must be the vector of equal-profit-rate prices can be imbedded
in a general equilibrium framework using the idea of reproducibility,
at least in a linear, Leontief model. The task now is to investigate how
robust these ideas are if we consider more general technologies. In
particular, we shall focus on two important ideas: the existence of re-
producible solutions for economies with more general specifications
of production, and the validity of the fundamental Marxian theorem
— that exploitation is synonymous with positive profits. In Chapter 3
we investigate a third important idea — whether equilibrium prices
equalize profit rates among sectors in these more general models.
The answer is that the Marxian concepts, as discussed in Chapter 1,
remain tractable, and the important theorems do generalize to a pro-
duction environment in which capitalists face general, convex pro-
duction sets. Thus, the ideas developed by Morishima (1973), Wolf-
stetter (1973), Okishio (1961), von Weizsiacker (1973), Maarek (1975),
Brody (1970), and others for linear, Leontief models, and generalized
by Morishima (1974) to von Neumann production models, are shown
here to depend not at all on the activity analysis specification of pro-
duction. Convexity suffices to define the concept of exploitation, and
to verify the equivalence of profit making and exploitation.
Carrying out the analysis for convex production sets is instructive
for another reason: It makes clear precisely which aspects of classical
Marxian value theory are not robust, but incidental to the main story.
In particular, the use of individual labor values of produced commod-
ities falls by the wayside. In Chapter 1, exploitation was defined by
using the labor-value vector A; here, this is no longer possible, nor is it
necessary. This enables us to conclude that the Marxian theory of ex-
ploitation is independent of the conception of microdenominated,

35
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individual labor values. Social surplus value need not be aggregated
from individual surplus values!

This position is not new in Marxian debates: It has been argued
previously by Morishima (1973, 1974) and, perhaps most forcefully,
by Steedman (1977). Those two writers, however, limited their gen-
eral analysis to the von Neumann model. It becomes, perhaps, even
more clear in the convex model studied here that exploitation must be
defined independently of microdenominated labor values. Because
this issue is of such importance in the Marxian heritage, a special
chapter (Chapter 7) is devoted to it.

For most of this chapter, we retain the simplifying assumption that
the vector of workers’ consumption, b, is exogenous. In a full general
equilibrium model, one might wish to determine workers’ subsistence
needs endogenously; and in a final section of the chapter we propose
a manner of doing this in a Marxian fashion. That is, we allow b to be
socially determined, and investigate the consequences for the model.

2.2 Specification of the model

Production

The vth capitalist faces a production possibilities set P*. There are n
commodities that can be produced, and labor. Vectors & € P* will
be written as (2n + 1) vectors, as follows:

o = (o, ~@, @)

where af is the direct labor input, @” is the nonnegative n vector of
commodity inputs, and & is the nonnegative n vector of commodity
outputs. For notational convenience, write & for the n vector of net
outputs, & = & — @”. It is assumed that:
Al. (V»)(0 € PY)
A2. (Vv)(P? is convex)
A3. (Vv)(P? is closed)
A4. Va € P*)(ap = 0 and @ = 0)
(@=0=>a) >0, where a = (—ap, @, @)

In addition, let P = % P” be the aggregate production set. It is as-
sumed that
A5. (V commodity n vectors ¢) (3a’ € P) (&' Z ¢)

It follows that A1-Ab are also true for P.

Assumptions A1-A3 need no comment. A4 is a strong form of “no
free lunch”: Labor is not a producible commodity, and is necessary
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for any productive activity. A5 says that all (nonlabor) commodities
are producible, and that any vector of nonnegative net outputs can be
produced.

An explanation is due for why inputs are separated from outputs in
the definition of production sets. Time is essential in this sense: Capi-
talists must pay for inputs prior to production, and must use their
capital pw” to do this. They cannot borrow against future revenues to
finance today’s production. Hence, the differentiation between inputs
and outputs must be made. For example, in the linear model of the
previous chapter, a typical activity vector will be written, under this
convention, as

<_li’ Gy, —agg, . . . ;_ani,(),o’ DR ,11’0; D ’0>

Under the convention that ignores time, this activity vector would be
written:

<_li, Ty, - . e, TG4, 1 - Agy, T Qigrggs - - - _ani>

In the latter case it appears as if there is no cost to the capitalist
operating this activity from use of input i. This, however, is incorrect.
In the model of Chapter 1, recall the capitalist must lay out cost piau,
among other costs; this is captured only by viewing production as
(2n + 1) vectors.

Exploitation

Exploitation can now be defined.

DeriNITION 2.1: The labor value of commodity bundle B, 1.v.(B), is
defined as

min &g  where ¢(B) = {@ € P|& = B}
B

DeriniTION 2.2: The rate of exploitation at a point a € P is

&)

@ Tt

For the zero production vector, ¢(0) = 0.

As defined, e(a) captures the notion of the ratio surplus labor
time/necessary labor time of classical Marxian value theory. First,
consider Definition 2.1. The labor value of a particular bundle of
commodities, B, is defined as the minimal amount of direct labor
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needed to produce B as net outputs of social production. (The outputs
are net, because it is required that & = & — @ = B.) This is the same
as calculating the direct and indirect labor time embodied in B, be-
cause the indirect labor time is used in producing intermediate inputs
needed for B’s production, which is accounted for here by the specifi-
cation that B is the net output vector.

Some may argue that one should not calculate the labor value of B
using the best available techniques (i.e., minimal labor time) but using
“socially average” techniques. This, however, is a mainly semantic
matter. By defining 1.v.(B) as we have done, we are asking for the
labor-efficient way of producing B, using the aggregate production
set P. If a “socially average” technique is inferior to this, then we
would be injecting some sort of inefficiency into our conception of
labor values, which is not in the Marxian spirit. One might, alterna-
tively, argue that being on the frontier of the set P means “socially
average;” and that socially superior techniques are ones that do not
appear in P.

Given the definition of 1.v.(B), we can define necessary labor time
at a point @ € P as 1.v.(agb). This is the labor time socially necessary
to produce consumption goods to feed all the workers employed at e,
of whom there are ag in number. Thus, only the needs of employed
workers enter into the definition of necessary labor time. Surplus
labor time, at @ € P, is clearly aq — l.v.(apb). Hence, Definition 2.2
becomes the ratio surplus labor time to necessary labor time.

It is important to note that the rate of exploitation is defined at a
point in P. Thus, e¢(@) is no longer a number, but a function, e: P — R.
If P is a cone, and so there are constant returns to scale, then e(e) be-
comes a constant function, that is, a number. The functional specifica-
tion is necessary when P is not a constant-returns-to-scale technology.

It is important to show that ¢(a) is always defined, which is the con-
tent of the following.

ProrosiTiON 2.1: ¢(a) is well defined Va € P.

Proof: It is only necessary to show that 1.v.(B) is well defined for all
commodity vectors B = 0. The set ¢(B) is non-empty by A5; g.l.b.ag
exists because {ay|(—ay, —a, & € ¢(B)} is bounded below by 0, by

A4. It is then only necessary to show that

af = min ay
#B)

is achieved at a point a* = (—af, —a*, &*) € P.
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Choose a sequence ' = (—aj, — @, &') in ¢(B) such thatap — af.
It is claimed that {@'} is bounded. For let

1
LI i = {
B "a‘" [ ||(! " mjax Iail

Because 0 € P and P is convex, B¢ € P. {87} is bounded. Because P
is closed, B! — B* = (—B§, —p*, B*) € P. Suppose that {a'} is un-
bounded; then 84 — 0 because a) — af. Hence 8¢ = 0. But * = 0,
which contradicts A4 applied to the set P.

Therefore, {a'} is bounded, so by the closedness of P, a convergent
subsequence of {@'} can be chosen converging to the required vector
a*. QE.D.

We shall be interested in points @ € P, where e(a) = 0. It is pos-
sible, of course, that ¢(@) < 0 for some points a. It is important to
keep in mind that the data used to define ¢(e) are technology and
workers’ consumption; that is, e(e) is technologically and socially deter-
mined. In particular, no price or wealth data are necessary to define
e(@). The condition e(a) > 0 will turn out to be equivalent to a condi-
tion of productiveness on the augmented input coefficient matrix,
M = A + bL, of the Leontief technology. It can be verified by the
reader that if P is the linear technology {4, L} of Chapter 1, then the
function e(a) reduces to e(a@) = ¢ = 1/Ab — 1.

Capitalist behavior

The behavior of capitalists is profit maximizing. Capitalist ¥ possesses
capital @} at time ¢. We view the model in a temporary equilibrium
framework. Capitalists face prices today, and their objective is to max-
imize the expected value of tomorrow’s endowment w},. Tomor-
row’s endowment comes from two sources: the output from produc-
tion carried on today, and commodities carried over from today to
tomorrow; commodity speculation may take place. Formally, if capi-
talist » expects prices pf;, to rule tomorrow, his program is

choose &, 8* €ERY to max (pfyy @ + pis1 &%)

subject to af + pa’ = piw}

' = pwi — (p@” t af)

That is, capitalists seek to maximize the expected value of tomorrow’s
endowment w{;, = 8 + &” subject to the budget constraint on pro-
duction costs and commodity speculation that expenditures cannot
exceed present capital pw}. (We take the wage as numéraire, and p is
an n vector of wage — prices.)
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For the body of the chapter, we shall assume that expectations are
stationary: p{4; = pr = p; for all ». (Or the analysis can be conceived
of as applying in a general expectations framework, at a stationary
state, if one exists.) The details of the more general analysis, where
price expectations are not stationary, are available in Roemer (1980a).

To this end, we observe that with stationary expectations, the capi-
talists’ objective function takes this simple form:

ProposITION 2.2: When pryy = pr = P, the capitalist’s program is
choose & € P” to maximize p&”® — (pa’ + ay)

s.t. af + pa’ = pw’

Proof: The program is
choose «”, 8 to max p&” + pd’
s.t. (1) of + pa’ = po’
(i) p8” = po” — (pa’ + of)

Substituting from () into the objective function, and recognizing
that pw® is a constant, yields the result. Q.E.D.

This proposition justifies the specification of the capitalist’s pro-
gram of Chapter 1, Section 1.2. Capitalists maximize profits, subject
to the capital constraint that they must finance the costs of production
inputs from present holdings of capital. In this world, there is no capi-
tal market. Such a market will be introduced in Chapter 3.

From now on, all time subscripts on prices are dropped, as it as-
sumed that p{;, = p: for all ».

DEerFINITION 2.3: The feasible production set for capitalist ¥ at prices p
is

B*(p) = {a® € P'|a} + pa’ = pw’}

(The feasible set consists of those production points at which the capi-
talist can afford to produce with his capital.)

LEmMA 2.3: Vy, p = 0, B¥(p) is non-empty, convex, and compact.

Proof: B¥(p) is non-empty because it contains 0.

Convexity and closedness are obvious.

Boundedness: Notice that {o§|a® = (—af, —o*, &) € B*(p)} is
bounded by pw*. By the argument given in the proof of Proposition
2.1, B¥(p) is bounded. Q.E.D.
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DEeFINITION 2.4: The profit-maximizing set for capitalist v at prices p is

A%(p) = {@” € B*(p) | p&” — af is maximized}

PROPOSITION 2.4: A¥(p) is non-empty, compact, and convex for all v,
p=0.

Proof

Non-emptiness. Notice that profits p(& — &”) — af are bounded for
a’ € BY(p) because B*(p) is bounded (Lemma 2.3). Hence, there is a
sequence {a*} € B*(p) whose profits converge to the maximum
value; because B¥(p) is compact, there is a limit vector a”* = li:n {a"}

that achieves those maximum profits in B¥(p). Closedness of A¥(p) is
obvious; boundedness follows from boundedness of B and convexity
of A*(p) follows directly from convexity of B*(p). Q.E.D.

2.3 The existence of reproducible solutions

The elements of the model are now specified. We can define a repro-
ducible solution (RS) as a straightforward generalization of the defini-
tion of Chapter 1.

DEerFINITION 2.5: A reproducible solution for the economy specified is
a pair (p, @) p Z 0, @ € P such that:

(@ a = (—ay, —a, & and & = a4b (reproducibility)

(b) @ € A(p) = 3,A%(p) (profit maximization)

(c) pb=1 (subsistence wage)

da+ob=w (social feasibility)

Only parts (a) and (d) require comment. Part (a) says that net out-
puts, at the socially chosen point, should at least replace workers’ total
consumption — where only employed workers consume. This is equiv-
alent to requiring that the vector of social endowments not decrease
in terms of components. Part (d) says that intermediate inputs and
workers’ consumption must be available from current stocks. Thus,
capitalists profit maximize, considering only their capital constraints;
prices must be such as to allow input markets to clear.

We shall now prove the existence of reproducible solutions in the
economy. The method is somewhat circuitous; we first must intro-
duce the notion of a quasi-reproducible solution.
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DEFINITION 2.6: Let W', . . ., W¥ be positive numbers. (W is to be
thought of as the money-wealth of capitalist ».) Let

B*(p) = {a” € P"|c} + pa’ = W*}
and
A”(p) = {@ € B¥(p)|p& — aq is maximized}

A pair (p, @) is said to be a quasi-reproducible solution (QRS) if
(a) @ = (—ay, @, & and & = aob

(b) @ € A(p) =3 A*(p)
() pb=1

That is, a QRS takes no account of the vector of physical endow-
ments, and no account of the feasibility of the production plan, in the
sense of part (d) of Definition 2.5.

Note. Lemma 2.3 and Proposition 2.4 hold for the sets ﬁ”(p) and
A%(p).

The method for showing the existence of a RS shall be, first, to
demonstrate existence of a QRS.

THEOREM 2.5: Let b > 0. Under A1-A4, and stationary expectations,
a quasi-reproducible solution exists, for any nonnegative values
WL, W

Remark. For technical reasons, a different proof is required if b has
components that are 0. This will be provided subsequently.
The proof will rely on the following lemmas.

LemMa (fixed point):! Let the correspondence z(p): S — T be
upper hemicontinuous (uhc) from the simplex § to the compact set 7.
Let z(p) be closed and convex for all p, and pz(p) = 0. Then 3p and
z € z(p) such that z = 0.

LeEmMMA 2.6: B¥(p) is lower hemicontinuous.

Proof: Leta’ € B*(p), p* — p. We wish to produce a sequence &' €
B(p*) such that «'* — a'. Let

w_ [ o ifa €BYpH _ { ( 5o, ,
a“ {)\"a' lfa’ ¢BV(P“) where A“— max )\|)\ ao+ ;p}‘gj)sw

A*is well defined. By definition, @’ * € B*(p*). Furthermore, p* — p
and &' € B*(p) imply that A* — 1. Hence, a’* - a’. Q.E.D.
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Lemma 2.7: A(p) is upper hemicontinuous.

Proof: We show that A"(p) is uhc for any ». It follows that A(p) is uhc.

Let p* - p, a* € A"(p ), @* = a. To show: @ € A¥(p). Because
p*— pand a” = a,itis easﬂy seen that @ € B*(p). It must be shown
@ is a profit maximizer in B*(p). Suppose not. Then 3a’ € B*(p),
such that

P’ —as =M >M = pa — a,
Notice that
pta* —af = M*> M

By Lemma 2.6, there is a sequence a'* € B*(p*) such that a'* —
a'. Hence p*@’ — ag — M'. Thus for large u, profits made by capital-
ist v at prices p at point @’ * are larger than profits made at & at those
prices. This contradicts the fact that a* € A*(p*). It follows that a
must have been a profit maximizer at prices p for v. Q.E.D.

Proof of Theorem 2.5: Because b >0, § = {p = 0|pb = 1} is homeo-
morphic to a simplex. Define for p € S:
z(p) = {(2 as)b -3 &|V(-af, ~&, &) € A”(p)}

14

(@) pz(p) = 0.

Notice —pz(p) = Z,(pa” — of), which is simply the sum of the
profits made by the capitalists at the chosen points a*. Hence
—pz(p) = 0, because at worst capitalists operate at zero profits by pro-
ducing at 0 € P”.

(b) T, the set of i images of z, is compact.
The set A = UA(p) is bounded. For if & € A, then ay < W. It

has been shown previously that {& € P|a, = W} is bounded.

Furthermore the set A is closed: Let {a*} be a bounded subse-
quence of A. We write @* = a*(p*) to identify the price vector with
which a* is associated. There must exist a convergent subsequence of
the {p*}, so without loss of generality, assume that p* — p. That a*
converges to a vector @ € A(p) is a direct consequence of the upper
hemicontinuity of A(p), by the Lemma 2.7.

Hence the set A is compact. Now T =pgs z(p) is the image of

the compact set A under a continuous function (a € A; F (@) =
agb — &), and is therefore itself compact.
(c) z(p) is convex.

Because A¥(p) is convex, this follows immediately.
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(d) z(p) is closed.

This follows from the closedness of A"(p)

(e) z(p) is uhc. )

This follows from the upper hemicontinuity of A(p) (Lemma 2.7).
For let p*— p, z* € z(p*), z* — z. Write z* = afb — &*, where
a* = (—af, —a, a*) € A(p*). Because {af} are bounded by W, it
follows that {a@*} are bounded and hence possess a convergent subse-

quence. Let the subsequence converge to « = (—a,, — , @), It
follows that z = agb — @&. By the uhc of A(p), @ € A(p) and hence z €
z(p).

(f) The conditions of the fixed point lemma are all satisfied.

There exists, therefore, p € Sand z € z(p), Z = @b — &, such that
z = 0. But this is precisely condition (b) of the definition that (p, a) be
a quasi- reproduc1ble solution, whereas condition (a) of that definition
holds because & € A(p). Q.E.D.

CoroLLARY 2.8: Let (W!, . . ., W¥) be any vector of wealths. Then
there exists a set of endowments
Q={w, ..., o'}

such that a reproducible solution (p, @) with respect to £} exists under
stationary expectations, where pw” = W for all ».

Proof: By Theorem 2.5, a QRS (p, @) exists with respect to wealths
(W, ..., W¥).Say @ = (—ay, —@, @). Let @ be any vector such that

W=ab+a and pw=W=3I W

(Such @ exists, because by definition of QRS, we have p(agb + @) =
W.) Because pw = W, @ may be decomposed (in perhaps many
ways) as @ = 2 @ such that pw” = W”. It follows by checking the
definition that (p,a) is a RS with respect to endowments
{w!, . . ., @"}. Q.E.D.

The question might arise: Why not adopt the notion of quasi-
reproducibility as the equilibrium notion, instead of the stronger con-
cept of reproducibility? There are several reasons. First, although the
magnitudes W* have been called “wealths” to give an intuitive rendi-
tion to the proof, it is misleading to think of them as such. In particu-
lar, the W* are given before prices are arrived at. If W* were money in
the bank, therefore, it would not have much meaning with prices un-
determined. We cannot assign a valuation to capital before prices are
set (shades of the Cambridge controversy). Second, the QRS notion
takes no account of feasibility of production, and hence of the notion
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of time in production. It is true that a QRS replenishes those inputs it
uses up [Definition 2.6, part (a)]; but where does it get those inputs
from in the first place? There is no market for initial inputs: Some-
how each capitalist can automatically cash in his capital W for the nec-
essary physical inputs into production. Clearly this notion is not a sub-
stitute for the RS notion; it is, however, a mathematical convenience
in proving the existence of the latter.

Let us comment on the domain of possible initial endowments. No-
tice in this case that we do not have the characterization of the initial
endowment domain as a cone, as was true in the linear case. However,
Corollary 2.8 shows that endowments held by different capitalists can
replicate ex post (i.e., after prices are determined ) any desired distribu-
tion of capital values among capitalists.

We proceed to the existence of reproducible solutions in the gen-
eral case that b = 0. (The reason the proof of Theorem 2.5 does not
apply to the case b = Oisthat S = {p|pb = 1}is no longer a simplex if
b possesses zero components.) It is assumed that:

A6. (Indecomposability)
(@EP, a=3%a’, &= ash) (Vjs.t. b =0 () (@] > 0)

This is an indecomposability assumption, because it says that if a
particular commodity is not a subsistence commodity (b; = 0), then at
any reproducible point in the production set, that good must be an
input into some capitalist’s production process. Put another way, A6
says there are two kinds of goods: workers’ consumption goods, and
“intermediate” goods, which must enter the production process if the
economy is to be capable of reproduction.

Viewed from the Marxian vantage point of evaluating the repro-
ducibility of economies, this assumption is not difficult to justify. If a
good is not consumed by workers and is not needed as an intermedi-
ate input for reproducible states, then it is an economic appendage in
a sense. It may be an intermediate good that could be used to reach re-
producible states at higher profits than can be achieved without its
use. In either case, however, the good in question and all production
processes in which it appears could be eliminated and a reproducible
solution would still exist.

To be more precise, suppose that A6 does not hold. Let J = {j| 4 =
Oand 3a €EP, & = ayb, @ = X @’ and &} = 0 V v}. Then define new
production sets

PP=la€P|VjE] af =0}

It is easily verified that assumptions A1-A6 hold for the restricted
production sets P” and P = 2 P”. We may now consider the new
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economy with production sets P” to consist only of the original com-
modities minus those in the set J. On the new economy specified, A6
therefore holds.

We now prove that quasi-reproducible solutions exist in “indecom-
posable” economies, even when b has some zero components.

THEOREM 2.9: Let b = 0. Under A1-A4, A6, and stationary expecta-

tions, a quasi-reproducible solution exists, for any nonnegative values
WL, W

Proof: Choose a sequence b* — b, where b* > 0. By Theorem 2.5,
there is a quasi-reproducible solution (p*, &) corresponding to b*.
The proof will construct a quasi-reproducible solution at b.

(a) {a"} possesses a subsequence converging to a vector @ € P.

This follows because af < W Vpu, and so by the standard convexity
argument, {a"} is bounded.

(b) {p*} is bounded.

Suppose not. Then for some j, p§* > <. Because p*b* = 1,4 2 0
and so b; = 0. Because " = a and b* = b and &* = afb, it follows
that @ = agb - that is, @ is reproducible at b. Decomposing a* into the
individual capitalists’ profit-maximizing points gives

at* = 2 (av)u

v

Because {a*} is bounded, we can write

a=3a where & = lim (a®)*
"

Now, by assumption A6, for some v, @} > 0, because b; = 0 and & =
aob. Hence for large u, (a})* are bounded away from zero and posi-
tive, because

(@) af >0

This, however, contradicts the assumption that capitalist » is always
within his capital constraint. For

(@) + Y pllad) = W”
i=1
by definition; however, p§ > © and (aj)* > 0 for all large 1 and so
the inequality fails for large u.
Hence, by contradiction, {p*} is bounded.
(c) Consequently, {p*} possesses a subsequence converging to a price
vector p.
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By the upper hemicontinuity of the correspondence A(p), it follows
that @ € A(p) and hence (p, @) is a QRS atb. Q.E.D.

COROLLARY 2.10: Let b= 0. Let (W, . . . , W") be any vector of
wealths. Under A1-A4, A6, there exists a set of endowments
Q={o,...,o"

such that a reproducible solution (p, @) with respect to £ exists under
stationary expectations, where pw* = W* for all ».

Proof: The proof is the same as that of Corollary 2.8.

Notice that the reproducible solution shown to exist by these
theorems is possibly one of complete inaction, @ = 0 V . If the total
profits (p& — ay) are zero at the solution, then the solution of com-
plete inaction is reproducible. This motivates the question to be inves-
tigated next: What condition will guarantee that the reproducible so-
lutions do not include the trivial one of complete inaction? What
guarantees the existence of reproducible solutions with positive prof-
its? This leads us to the generalized fundamental Marxian theorem.

2.4 The fundamental Marxian theorem

Theorems 1.1 and 1.2 show that the necessary and sufficient condi-
tion for the profit rate in a linear Leontief economy to be positive is
that the rate of exploitation be positive. Morishima generalized this
theorem to the linear von Neumann economy under certain assump-
tions (Morishima, 1974). He called this theorem “fundamental” be-
cause it gives a characterization of when the profit rate is positive:
From the point of view here, this certainly is a fundamental necessity
for reproducibility under stationary expectations, because it is easily
seen that a point generating negative social profits cannot be reproduc-
ible. (Proof: p& < a, = p& < pagb = & F agb.) The generalization
of this theorem to the percent model provides a characterization of
economies where the reproducible solutions, known to exist, are non-
trivial.

To prove the generalization of this fundamental theorem, we re-
quire the following.
A7. (Independence of production)

(—ap, — @, @ EP,a=0,and 0 = ¢ < &, then I(—ay, — @',
@&') € Psuchthat & — @' = ¢ and ap < ay.

Assumption 7 deserves a comment. It says that if a bundle of net

outputs & can be produced with aq labor, then any smaller bundle ¢
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can be produced with strictly less labor. This is called independence of
production because it fails when there is a good that can be produced
only as a joint product in fixed proportions with some other good. A7
does not rule out joint products: It does rule out products that are
only joint in the most severe sense. An example where A7 fails, and
the consequences thereof, is provided later.

The intuition for why independence of production is required to
guarantee the validity of the fundamental Marxian theorem is as
follows. Suppose that bread and diamonds are not produced “inde-
pendently”; that is, the production of one loaf of bread, which re-
quires one unit of labor, is always accompanied by the joint product of
one diamond. One cannot produce less bread and one diamond with
less labor. A worker may require one loaf of bread to subsist. Then his
socially necessary labor time is one day, but in the process of pro-
ducing his daily bread he produces as a “free good,” the diamond,
which the capitalist gets. Thus, there is zero exploitation and positive
profits! This example is worked more carefully later.

We proceed to the theorem.

THEOREM 2.11 (fundamental Marxian theorem): The following state-

ments are equivalent under A1-A7 (and stationary expectations):

z) There exists a point @ € P such that e(a) > 0.

() There exists a reproducible solution yielding positive total
profits.

(1) All reproducible solutions yield positive total profits.

(@) All reproducible solutions yield positive rates of exploitation.

The heart of Theorem 2.11 is the provision of a necessary and suf-
ficient condition for reproducible solutions to be nontrivial: namely,
the possibility of positive exploitation, in the sense of statement (i). The
possibility of positive exploitation is the counterpart of the premise
that an economy be technically productive, as is captured in a
Hawkins—Simons condition on an input—output matrix; positive ex-
ploitation is here shown to be the sine qua non of capitalist production.
Notice that this result is a strong one, because the vector @ of state-
ment () need not be actually producible — it may violate the capital
constraint of some capitalists, and its net output vector, &, may not be
nonnegative. Furthermore, Theorem 2.11 states that reproducible so-
lutions either always yield positive profits or always yield zero profits,
even if there are several price vectors at which such solutions exist.
This simple social-technological characteristic, of the possibility of
exploitation, therefore provides a characterization of economies into
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those which are unambiguously nontrivial and those which are com-
pletely trivial.
The proof of Theorem 2.11 depends on the following lemma.

LemMma 2.12: If e(a*) = 0 at reproducible solution (p*, a*), then

Proof: Because a* is reproducible, a* = agb. e(a*) = 0 means that

min ay = af,
aEd(olb)

where
¢(agb) = {@ €E Pla = (—a, — @, &), & = aib}

Suppose that a* = afb (i.e,, a* # agb). Then, by A7, Ja** € P,
a** = (—af*, —a** a**), @** = afb, and af* < af. But a** €
¢(agb), thus contradicting that e(a*) = 0 (because af is evidently not
mgn ay). Hence @* = afb. Therefore, p*a* = pagb = af.

Proof of Theorem 2.11: Method of proof: (i) = (1) = () = (i), (v) =

@), (@) = ().

(a) Notice (i) = (@) follows from Lemma 2.12, because for any re-
producible solution e, e(@) = 0. [¢(a) = 0 because & = agb at a
reproducible solution.]

(b) (@) = () and (fv) = (7) are trivial, because reproducible solu-
tions exist.

(c) (@) = (iv) by Lemma 2.12.

(d) ({) > (#ii): Let @ = (—ay, —a@, &) € P, e(a) > 0. By definition,
there is a point @’ = (—ay, —@a’, &@') € P such that &’ Z agb and
ay < ap. Assume that contention (i) is false; then there is a re-
producible solution (p, B) that produces zero total profits. Each
capitalist » makes zero profits at g%, where B = = B°. Because
@' Z asb and ay > ag, p&’ > a. Decompose @’ into @' = 3 a'”.
Some capitalist ¥ must make positive profits at @', because total
profits are positive at a’. A small positive multiple Aa’* of a'” lies
in B¥(p), and capitalist » makes positive profits at Aa'”; thus g* &
A*(p), a contradiction. Q.E.D.

We now provide the rigorous formulation of an example showing
how Theorem 2.11 fails without independence of production.

ExampLE 1: Of where A7 fails, profits are positive, and there is no ex-
ploitation.
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An example will be constructed of a quasi-reproducible solution,
with respect to a certain wealth vector. It will follow that a reproduc-
ible solution with respect to an endowment vector can be constructed
with the desired property, according to Corollary 2.8.

There are two goods and labor. There is one linear production
process, specified by (—1; 0, 0; 1, 2), and one capitalist. The produc-
tion set is the set of points equal or inferior to a multiple of (—1; 0, 0;
1, 2). The capitalist’s capital is 10 units. Notice that A1-A6 are all sat-
isfied but that A7 fails. [For example, as much labor is required to
produce & = (1, 1) as to produce & = (1, 2).] Let b = (1, 1). It can
easily be verified that for any price vector p in the simplex pb = 1, the
profit-maximizing set is

Al(p) = A(p) = (—10; 0, 0; 10, 20)

The point & = (—10; 0, 0; 10, 20) is a reproducible solution for any
such p, because agb = (10, 10) = (10, 20).

Choose p = (3, ). Then profits at (—10; 0, 0; 10, 20) are positive.
The rate of exploitation, however, is zero at @, because the socially
necessary labor required to produce the bundle (10, 10) is 10; that is,
one must produce (10, 20) to produce (10, 10).

This example provides more insight into the “positive profits—neg-
ative surplus value” debate introduced by Steedman. [For a summary
of the discussion, see Steedman (1977, chap. 11).] Steedman pointed
out that if one defines labor values additively in a joint production
model, positive profits can coexist with negative “surplus value.”
Morishima’s answer to the problem (1973 and 1974) was to define
embodied labor in the von Neumann model similar to the way it has
been defined in this book. Under various assumptions, Morishima
(1974) proved the equivalence of positive profits and positive exploi-
tation.

The above example of a simple von Neumann model shows that if
independence of production activities (A7) is not assumed, even the
more general definition of embodied labor will not guarantee the
equivalence of positive profits and positive exploitation, although, in
any case, the perversity of Steedman’s negative exploitation cannot
occur.

However, not only is independence of production a sufficient con-
dition to generate the FMT 2.11; it is also a necessary condition.
Thus, independence of production characterizes production sets for
which the FMT is true. That independence of production is a neces-
sary and sufficient condition on technology for the validity of the
FMT is shown in Appendix 2 to this chapter.
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2.5 Exploitation, labor values, joint products,
and scarce inputs

A common criticism of Marxian economics centers on the limited
applicability of the labor theory of value as a theory of exchange. If
prices are not proportional to labor values, then Marx’s classical argu-
ment for the existence of exploitation under capitalism does not seem
to apply. At this level, the criticism can be countered by showing, as in
Theorem 1.1, that prices of production, themselves not proportional
to labor values, will yield a positive rate of profit if and only if the rate
of exploitation is positive. Thus the nonproportionality of prices and
labor values fades as an issue.

A higher level of critique points out that if the technology is not of
the Leontief type, but of the von Neumann type, for example, with
joint production, then it may be impossible even to define individual
labor values. Nevertheless, Morishima (1974) showed that exploita-
tion could be defined independently of individual labor values in the
von Neumann model, and the equivalence of a positive profit rate and
positive exploitation rate is maintained. The argument of Section 2.4
generalizes Morishima’s argument to (reasonably) arbitrary convex
production sets.

Yet another level of critique maintains that Marxian value theory is
valid only because of the assumption that there is a unique nonpro-
duced factor, labor, and that if we conceive of production as involving
various other nonproducibles (such as oil), then the labor theory of
value no longer can be specified. We wish to remark that the model of
this chapter shows this, too, to be a premature critique. In the model
studied here, each producer has access to a different production set,
P?, and the sets P* are convex, which is to say, they exhibit constant or
decreasing returns to scale. Both the individuality of the production
sets and their convexity can be taken to incorporate the possibility of
other nonproduced commodities in production. A’s production set
may differ from B’s because A owns a waterfall that can be used to
fire a plant, and B does not; or A may have some skills or information
that B lacks. The conventional interpretation of convexity of produc-
tion as an expression of the presence of some implicit fixed factor
(land) is well known. Our version of the fundamental Marxian
theorem shows that the presence of these fixed factors and scarce
resources does not destroy the equivalence between exploitation and
profits.

What is lost with the presence of several nonproduced production
inputs is the existence of individual labor values. (That is also lost, as
has been pointed out, with joint production, and a single nonpro-
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duced factor.) Our effort has been to reconstruct the conclusions of
Marx’s value theory (pertaining to exploitation) on foundations inde-
pendent of the theory of individual labor values. The above critiques
of Marxian value theory apply to the cogency of individual labor val-
ues, and as such have no bearing on the conclusions of the theory, if
those conclusions can be reconstructed on a different basis. This has
been done.

The labor theory of value, for Marx, played a double role — as a
theory of exchange and a theory of exploitation. Marx’s approach was
to use the theory of exchange as a conduit to generate the theory of
exploitation. Our approach is to reject the labor theory of value in its
role as exchange theory, and reconstruct the theory of exploitation on
a different basis. This point is sufficiently important that it is re-
iterated at some length, and from a somewhat different point of view,
in Chapter 7.

These remarks are all to say that as a formal construction the labor
theory of exploitation can be preserved even when the production
model is more general than the Leontief or von Neumann models,
even when other nonproduced factors exist. (This statement is not
universal; for instance, I have not discussed how one might preserve
the labor theory of exploitation if heterogeneous labor inputs are ex-
plicitly enumerated in the specification of production.) What the
equivalence of labor exploitation and profits signifies, however, is a
deeper question. One cannot maintain, as is frequently done, that
labor power is that one special commodity that mysteriously produces
more value than is embodied in it, and hence its exploitation is the
sole cause of profits. For, as an alternative to labor value, one could
choose corn to denominate value, defining the embodied corn values
of all commodities, and the following would be true: The economy is
productive in the sense of being capable of producing a surplus if and
only if the corn value of a unit of corn is less than one, that is, if and
only if corn is corn-exploited. An economy is productive if and only if
each commodity is exploited when values are denominated in terms
of it. Why, then, choose labor power as the privileged commodity with
which to denominate exploitation? This question is pursued to some
extent in Chapter 10.

2.6 The social determination of the value of labor power

In the model presented, there remains one aspect that is not sufh-
ciently general. The subsistence bundle, b, is taken as given. Deter-
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mining the “value of labor power” (or the bundle b) is a problem with
along history. Marx was clear, at least, that the subsistence bundle was
not intended as a biologically minimum consumption, but as a level of
consumption that was determined by factors including a “historical
and moral element.” Yet formal models of Marxian economics have
made no attempt to include this feature. In Sraffa’s model, the ques-
tion is also left unresolved. It is simply observed that the profit and
wage rates are inversely related, so that once one is set, so is the other.
No argumentation is provided, however, to determine either rate
within his system.

This hiatus is a particularly important one in Marxian value theory.
for by assuming workers’ consumption to be fixed before the drama
of exchange and production - that is, the circuit of capital — occurs, we
are assuming workers to be somehow above the social process of pro-
duction and exchange — and this is a violation of the most funda-
mental Marxian tenet. Workers’ necessary consumption should be so-
cially determined, and not taken as an exogenous datum of the
system. To do the latter is to examine a robot economy, where the
“factor” labor power might just as well enter production as part of the
input—output matrix in the form of commodities that workers con-
sume, eclipsing entirely the conscious element of human work that is
at the heart of the Marxian vision. What distinguishes labor power
from other inputs into production, at the abstract level of modeling
engaged in here, must be that its value [that is, the consumption (b)]
does not enter as a technological datum, but is determined by social
interactions.?

We desire, then, to relax the assumption of an exogenously given
bundle b, but to maintain the Marxian notion of workers’ necessary
consumption. Indeed, the notion of necessity is important to preserve
the rationale behind the investigation of reproducible solutions, as op-
posed to some more subjectively specified concept of equilibrium.

There is a straightforward indication in Marx as to how one might
proceed to determine the value of labor power. Workers’ necessary
consumption is determined from two directions: by the consumption
necessities that a particular mode of production requires for purely
technological reasons, and by the form of consciousness created
among workers by a particular mode of production. An example of
the first of these causations is that modern technologies require
workers to possess certain skills, the education for which thereby be-
comes a part of the workers’ necessary consumption. The second
determination is contained in Marx’s materialist philosophy: that con-
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sciousness is determined primarily by one’s relation to the means of
production. Because this is a most important point, it is worth quoting
Marx and Engels at some length on it.

Men can be distinguished from animals by consciousness,
by religion or anything else you like. They themselves begin
to distinguish themselves from animals as soon as they begin
to produce their means of subsistence, a step which is condi-
tioned by their physical organization. By producing their
means of subsistence men are indirectly producing their
actual material life.

The way in which men produce their means of subsistence
depends first of all on the nature of the actual means they
find in existence and have to reproduce. This mode of pro-
duction must not be considered simply as being the reproduc-
tion of the physical existence of the individuals. Rather it is a
definite form of activity of these individuals, a definite form
of expressing their life, a definite mode of life on their part. As
individuals express their life, so they are. What they are,
therefore, coincides with their production, both with what
they produce and with how they produce. The nature of indi-
viduals thus depends on the material conditions determining
their production.

This production only makes its appearance with the in-
crease of population. In its turn this presupposes the inter-
course of individuals with one another. The form of this in-
tercourse is again determined by production [Marx and
Engels, 1963, p. 7].

It seems clear, then, that the value of labor power possesses a com-
plex determination, whose origins are in the method of production.
We therefore make the following postulate.

B1l. There is a continuous function b(a!, &2, . . . , &) = b defined
on P! X P2 x - - - X P¥ Furthermore, there exist b, > 0 and b*
such that by =b', ... ,a")=b* for any point
(@, ... ,a).

Necessary consumption b is a function of the particular technology
adopted. The assumption of continuity is mathematically useful, and
is not a harsh assumption, considering the social process that un-
derlies B1. The bounds by and b* are not unreasonable: by is a biolog-
ical minimum necessary for consumption, and there certainly may be
assumed to be a vector b* that will be an upper bound on necessary
consumption under known technologies P!, . . ., P¥. by > 0is postu-
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lated for technical reasons, and can probably be weakened as the anal-
ogous assumption was weakened in Section 2.3.

According to B1, all workers have identical necessary consumption,
which is a function of the social technology (e, . . ., &) adopted.
This assumption can be generalized so that workers in different “in-
dustries” have different, socially determined necessities.

The question becomes: Now that the value of labor power is itself
an outcome of the economic process in the above sense, do we have a
meaningful economic model - in the sense that reproducible solutions
exist? In Appendix 1 to this chapter, the answer is shown to be yes.
The analog to Corollary 2.8 is proved. Given any distribution of
wealths, there is a set of endowments such that a reproducible solu-
tion exists with respect to those endowments, with the subsistence
bundle socially determined by technology. The proof of this theorem
follows the proof of Corollary 2.8, with the added complication that it
uses a technical result of Debreu known as the social equilibrium
existence theorem.

Thus, there is no reason that in principle we cannot maintain the
notion of reproducible solution, proposed here as the Marxian equi-
librium notion, in an environment where workers’ consumption is
made to depend on technology. Formally, we have introduced a cer-
tain kind of externality into the model. There are other ways in which
the determination of subsistence could be introduced, perhaps more
cogently than this; the purpose here is simply to show the possibility
of a more general approach to the question of the social determina-
tion of the value of labor power. (One could be even more general by
combining neoclassical and Marxian views of consumption in this
way: Corresponding to any technology there is a whole map of pref-
erences for workers. Thus, the externality would not specify simply
one subsistence bundle as a function of a point in the crossproduct of
production sets, but a whole utility function for the worker.) In the
next section, we use this general model to illustrate certain interac-
tions between class consciousness and the choice of technique.

2.7 The interaction of class consciousness and
the choice of technique

We next seek an analog to the FMT 2.11 for the case of variable con-
sumption bundle b, in order to provide a condition for the existence
of nontrivial (positive profits) reproducible solutions. First it is neces-
sary to define the rate of exploitation in this case.
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DEerFINITION 2.7: The rate of exploitation with the value of labor power

socially determined is defined on pointsa € P! X - - - X P¥ Leta be
given,a = (&', . . . ,a"), @ =3 a*. Then
e(a) = %

1.v.[ogb(a)] 1

where 1.v.{agb(a)] is defined as before.

Notice in this environment that ¢ must be defined on the cross
product of the individual capitalists’ production sets rather than on
the social production set P.

The rate of exploitation continues to be well defined.

THeoREM 2.13: Under A1-Ab, A7; the rate of exploitation with the
value of labor power socially determined is positive at a reproducible
solution ¢ = (p, @', . . ., a", b) if and only if total profits are positive
there. Furthermore, e(a?, . . ., @) > 0 if and only if there exists a
point @ € P such that ey(a) > 0, where ey(a) is the rate of exploitation
at e evaluated for workers’ consumption fixed at b.

Note. It is not necessary for this theorem to assume that the function
b(a?, . . ., &) is continuous.

Proof: Consider the economy with workers’ consumption fixed at b =
b(a!,. . ., @"). Then surely (p,a?,. . ., @ b)isareproducible solu-
tion for this economyj; it follows that Theorem 2.11 holds, and in par-
ticular, statements (¢2) and (tv) and (¢) of the theorem are equivalent,
which proves the result. Q.E.D.

Theorem 2.13 is weaker than Theorem 2.11. It is nevertheless a
“fundamental” Marxian theorem, as it shows that the sine qua non for
reproducible capitalist production at positive profits is positive exploi-
tation. We proceed to show that Theorem 2.13 is necessarily weaker
than Theorem 2.11. There are economies that fulfill all the postulates
including B1, yet (1) positive and zero profits can both occur at (dif-
ferent) reproducible solutions, and (2) e(a!, . . . , @) > 0 occurs but
all reproducible solutions yield zero profit. This being the case,
Theorem 2.13 is evidently the strongest version of Theorem 2.11 that
is true when the value of labor power is socially determined.

ExampLE 2: Showing that if the value of labor power is socially deter-
mined, reproducible solutions with both positive profits and zero
profits can exist.
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As in a previous construction, it is sufficient to construct quasi-
reproducible solutions with the desired propensities.

There are two linear activities (—1, 0, 0, 1, 0) and (—1, 0, 0, 0, 1),
each producing one of two commodities, and one capitalist with W =
10. This generates a cone of production:

P=[~(x +x), 0,0, x1, x| 21, % = 0]

We may assume free disposal as well. If commodity prices are (py, ps),
then profit maximization means maximize (p; — L)x; + (pz — L)xz
subject to % + xp = 10. If p, = p, = 1, then profit maximization
yields zero profits. b is defined as a function b(x,, x,). Say b(5, 5) =
(3, $) and so pb(5, 5) = 1. It is clear that (5, 5) is a quasi-reproducible
solution yielding zero profits.

Now at (p1, p2) = (2, 2), profit maximization yields positive profits.
Any activity levels (x;, x2) such thatx; + x, = 10 yield maximum prof-
its. Say b(8, 2) = (3, 4). Then pb(8,2) =1 and (8,2) =10 3, §), so
(8, 2) is a reproducible solution yielding positive profits.

It is obviously possible to extend the function b continuously to the
entire domain P, as it is only defined thus far at two points in P.

ExampLE 3: Showing that even if there is a production point that is
feasible for capitalists and yields a positive rate of exploitation, all
quasi-reproducible solutions may yield zero profits, where the value
of labor power is socially determined.

Let the economy be specified as in the previous example except for
the function b(x;, x;). The capitalist’s profit-maximization problem is:
Given prices (p;, p2) choose (x;, x2) such that x; + x, < 10, to maxi-
mize (p; — 1)x; + (p2 — 1)x;. Define

(1, D) ifx, + x = 10
bx;, x2) = (3, b at (x,, %) = (2, 2)
any continuous extension for other (x;, x) = 0

Notice that no point for which x + x, = 10 can be a quasi-
reproducible solution, because & = a¢b certainly fails at all such
points [(x;, x) = (10, 10)].

There are various sets A'(p), depending on p. Compute that if p; >
1 for at least one i, then AYp) C {(x;, x2)|x; + x = 10}. Hence no
such p can be viable, for it has been shown that no such (x,, x2) can be
reproducible because the subsistence requirements are too great
along the line %, + x, = 10. But notice that all other price vectors
yield at best zero profits. Hence all reproducible solutions have zero
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profits. Notice, however, that ¢(2, 2) > 0, because the socially neces-
sary bundle at (2, 2) is 4(3, 3) < (2, 2).

We now remark upon the significance of these two examples, which
are not simply mathematical curiosa, but correspond to important so-
cial issues that arise, once workers’ necessary consumption is admitted
to be socially determined. To see this, it is convenient to emphasize
the “subjective” aspect of the social determination of necessary con-
sumption: that some technologies will enable workers to organize
themselves to command a larger subsistence bundle than other tech-
nologies. That is, class consciousness of workers, and hence their
bargaining strength against capital, is determined in part by the tech-
nique in use. This theme has been an extensive one in the modern
Marxian literature on the labor process - see, for instance, the work of
Marglin (1974) and Braverman (1974) and others referred to in
Chapter 6. In this light, Example 3 says this: It may be possible for
capitalists to choose techniques at which there is exploitation, but if
they insist on maximizing profits at given prices, they must choose tech-
niques that will alter the balance of class forces to such an extent that
subsistence requirements become too great for reproducibility. Ex-
ploitation is possible if capitalists limit themselves to suboptimal tech-
niques; but if capitalists choose profit-maximizing techniques, the
subsistence wage will be driven up, eliminating profits. In Example 3,
this is seen as follows. Suppose that prices are p = $, 3, and the capital-
ist operates at (x;, X3) = (2, 2). Then the subsistence requirement of a
worker is b = (4, 3), and pb = 1. As was shown in the example,
enough output is produced to reproduce workers. However, at these
prices, capitalists are not profit maximizing: If they profit maximize,
they will be driven to operate along the line %, + x, = 10; then
workers will force up subsistence requirements to the point that those
wage—prices cannot be sustained. [That is, (3, §) - (1, 1) > 1.]

There has been debate in the labor process literature as to whether
capitalists choose “efficient” techniques or ones that are not techni-
cally efficient but allow them to “control” the workers (see Chapter 6).
That is the issue which is captured in this example. It may be that ex
ante ethicient techniques allow very little ex post control.

The force of Example 2 is similar. That example shows that there
may be different equilibria for the economy in which the relative bal-
ance of class forces is different, because of the effect the choice of
technique has on workers’ organization. In particular, there may be
one equilibrium at which there is positive exploitation and another
with zero exploitation.

Thus, the fact that Theorem 2.13 takes the form stated, and there is
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no universal technological condition as in Theorem 2.11, which guar-
antees that the possibility of exploitation produces profits, is an im-
portant consequence of our formulation of the social determination
of the value of labor power. When workers are no longer socially in-
animate, but react to the technique chosen by capital, the unqualified
link (of Theorem 2.11) between exploitation and profits is broken. As
we have seen, this might lead to a new specification of capitalists’
behavior: that they adopt a strategic profit-maximizing behavior, con-
tingent on evaluating the effect of their choice of technique on
workers, rather than a myopic one, which we have postulated in this
discussion. We shall not pursue this modification here, but it is clear
how such a formulation would lead directly into the type of consider-
ation the labor process literature has dealt with in some historical de-
tail.

This concludes the discussion of social determination of workers’
consumption. The model provided is extremely general, and it postu-
lates merely a continuous function b(a!, . . . , @) on technology to
determine workers’ consumption. This generality may also be viewed
as a shortcoming of the model; instead of postulating the existence of
an exogenous parameter b, we have postulated a whole exogenous
Jfunction b, Is this in any sense an advance over the simpler formula-
tion? That is, can it be said we have “solved” the problem of closing
the Marxian system, by determining the real wage in this functional
way?

This question is perhaps best answered by saying that a precise
specification of the function b(e, . . . , @) is a historical question. In
this sense, the closure of the system is not explicit. Moreover, the neo-
classical solution to the consumption problem — of postulating primi-
tive preference orderings or utility functions — seems to be on the
same level of generality. The functional determination of workers’
consumption from technology does suggest one avenue toward con-
ceiving of materialist determination of the reproduction of the work-
ing class. And we have seen that the functional approach allows a for-
mulation of the important interaction of class consciousness and the
choice of technique.

Finally, it should be pointed out there is another approach entirely
to the determination of workers’ consumption, and that is through
the nominal, as opposed to real, side of the economy. In the above
model, the determination of consumption is entirely real, in the sense
that a physical bundle of goods is specified as the consumption
bundle, which is determined by technology. The general weakness of
this approach is that, in fact, workers and capitalists bargain over
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money wages; should one not, therefore, specify not a subsistence
bundle but a subsistence wage, and allow workers to determine their
individual consumptions in some other way? Another model, in which
workers choose goods by maximizing utility functions, is developed in
Chapter 7.

2.8 Summary

The aim of this chapter has been to show that the Marxian concepts of
equilibrium (reproducible solution) and exploitation are tractable in
quite general contexts: In particular, the production sets of the
economy do not have to be Leontief, or even activity analysis, or even
conical. Moreover, the key relationship of Marxian value theory — that
positive profits is synonymous with positive exploitation — remains
true in general models of production.

In passing from linear economies to convex economies, one loses
one artifact of classical Marxian analysis: individual labor values of
commodities. The concept of exploitation is defined only socially: We
do not define social exploitation as the aggregation of many individ-
ual exploitations of workers, but only as an aggregate concept. In gen-
eral models such as this one, the question does not even arise as to
whether prices are proportional to labor values: Labor values play no
micro role. In the Leontief economy, labor values can play a micro
role, and this has given rise to much obfuscation in Marxian econom-
ics concerning the relationship of prices to labor values. Further dis-
cussion of this issue will be found in Chapter 7.

Finally, the concept of subsistence needs of workers was general-
ized to allow for the social determination of workers’ consumption.
The needs of workers were postulated to be given by a function de-
fined on the technology set. Although it cannot be claimed that this
formulation closes the Marxian system in a historically explicit
manner, it does provide a model of how the reproduction of workers
under capitalism can have a materialist, as opposed to subjective,
determination. Some of the important ideas of the labor-process liter-
ature can be seen to be contained in this model, in particular, the con-
tradiction between efficiency and control in the choice of technique.
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Appendix 1: Existence of reproducible
solutions with the value of labor power
socially determined

We prove here the analog to Corollary 2.8 for the model of Section
2.6, where the subsistence bundle is a function of the point chosen in
the technology.

As before, the main argument runs in terms of quasi-reproducible
solutions, defined for a given “wealth” vector (W, . .., WY,

DEFINITION 2.8: A quasi-reproducible solution with the value of labor

power socially determined is a set (p, @', . . . , @") such that:
(@ @ € A’(p;v=1,N, b=Dba!, ..., a"

(b) 3, el b(a!, . . ., &) =3 &, where @’ = &@” — "

(c) pebat,...,a")=1

We proceed to prove the following theorem.

THeorEM 2.14: Under Al-A4 and Bl, there exists a quasi-
reproducible solution with the value of labor power socially deter-
mined, for any nonnegative values W*, . . . , W".

The proof is accomplished by use of Debreu’s social equilibrium
existence theorem (Debreu, 1952). We introduce the necessary
machinery before stating Debreu’s theorem.

Let

B, ={p=0|pb, =1 = pb¥}
By ={(at, ..., |a € P} where P¥ = {&@ € P"|af = W}
B; = {b|by = b = b*}
Define three correspondences:
Bi: By X By— By
Bz: By X By—> By
Bs: By X By — By
by

Bi(eat, . .., a"), b)={pE B|pb =1} i
B:(p, b) = Bl(p)x - - - xB¥(p), where B*(p) = {a € P*|a} + pa’ = W"}
Bs(p, (e, . . . ,aM) =b(a,. .., a.
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Observe image B; € B, as required.
Define three functions:

ﬁ: %lxggxgs—‘)R

by

filps(at, ... ,a");b)=p-(ab—& where & = Y &, a0 = Y o}
filpi (@, ..., @) b) = p- (@ — agh) ’ ’
Sa(ps (@, . .. ,a¥);b)=1

Let ¢; be the function that takes on the maximum value of f; over ap-
propriate domains:

¢l((aly L] a~>) b) = pEB ((E}axcx") b)fl(p; (al, L] aN>y b)
a(ps b) = (@ ...2}"?;(32(9 b)fz(p; (a, ..., a3 b)
da(p, (@, . .., a")) = max Sfa(ps (@, . . ., a);b)

PEB3(P,(al,...,aM))

¢, is defined on B, X Bg, and so on.
Let sets M, , be sets of maximizers of the functions f:

Mg,..onp = {p ERa, . .., a"), b)| fi(p; (e, ..., a"); b)

= ¢l((al! s sy aN>! b)}

My, = {a, . . ., a") € Bi(p, b)| fo(ps (@, . . ., a");b)

= ¢2(P9 b)}

MD.(a',...,a") = {b € BS(p: (aly LI} a~>)|fé(p; (aly R aN>y b)

= ¢y(p, (@', . . ., a"))}
DEFINITION 2.9: € = (p,(a’, . . ., @'), b) is a social equilibrium
point if p € Bi({a?, . . ., &), b), (_a’, ..., o) EBy(ps D), bE
Ba(p, (@, . . ., @) and fi(§) = ¢i(&) for i = 1, 3, where §; is the

point ¢ with the component £; omitted.

LEmMA (Debreu): If B,, B,, B; are convex and compact; if corre-
spondences 8; are uhc; if f; are continuous functions; if ¢; are continu-
ous functions; if the sets M are convex for all possible arguments
chosenin B, x B, B, x B3, B; X B, respectively; then there exists
a social equilibrium point.

Proof of Theorem 2.14: We shall first show that a social equilibrium
point of Debreu’s lemma is a quasi-reproducible solution with the
value of labor power socially determined. We then show that all the
conditions of the lemma are fulfilled so that a social equilibrium
exists.
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A social equilibrium is a quasi-reproducible solution with the
value of labor power socially determined:

If (p, (a!, . . ., @), b) is a social equilibrium, then by defini-
tion, b =b(a?, . . ., a"); furthermore, o’ € B*(p) Vv, and
in fact & € A*(p) Vv because total profits are maximized for
prices p. [This follows because ¢q(p; (@', . . ., a*);b) =
,,,,, o, €Bipx--xBY@ P * (& — agb).] Furthermore, p -+ b = 1.

It remains to show & Z a.b. Suppose not; then for some com-
ponent j, &; < a¢h;. Choose as price vector p* = (0,0, . . ., 0,
1/b;, 0, ..., 0); certainly p*b =1, so p* € B,({a’, . . .,
a"), b). Notice p*(agb — &) > 0. Now ¢, maximizes the value of f,
over all possible prices in %,, so

¢l(<al) LI aN>) b) = P*(aob - &) >0
Notice, however, that ¢,({a!, . . . , &), b) is simply the negative
of total profits at the point (p, (a!, . . . , "), b). It follows that

total profits must be negative at the given equilibrium. But this is
impossible, as it has been shown that a* € A¥(p) ¥», and total
profits are hence nonnegative. By contradiction, it follows that
@ Z agb and a social equilibrium is a quasi-reproducible solution.
By, Bz, By are convex and compact; this is easily verified. Notice
that compactness of B, follows, because by > 0, and boundedness
of B, follows because it has been shown that if the labor compo-
nent &g is bounded in a set of vectors in P?, then the vectors them-
selves are bounded. (This uses Al, A2, A3, and A4.)
Correspondences B; are uhc; this is easily verified.

(d) f; are continuous functions; this is obvious.

(e)

The sets M,,, are convex;

b = {p|pb = 1, p& — aub is maximized}

.....

It is obvious that M ,... o~ p IS cOnvex.

My, ={at, ..., a") EBYp) X - - - X BYp)|p-& — agb is
maximized}

M,,, is convex means that A'(p) X - - - X A¥(p) is convex, a
fact that has been previously verified.

My, g,...an is @ point and is therefore convex.

¢; are continuous functions.

This follows from the maximum theorem of Berge. (See Debreu,
1973, p. 19.) To have the conditions of Berge’s theorem fulfilled,
it is sufficient to show the correspondences B; are lower hemi-
continuous (1hc). B, is easily shown to be lhc; B3 is 1hc, because it
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is in fact a continuous function; and B, is 1hc by Lemma 2.6,
which demonstrates that B¥(p) is 1hc.

(g) It follows that a social equilibrium point, which is therefore a
quasi-reproducible solution with value of labor power socially de-
termined, exists.

We proceed to the existence of reproducible solutions.

DeFINITION 2.10: A reproducible solution with the value of labor
power socially determined, with respect to endowments {®', . . .,

W'}, is a set (p, @, . . . , @', b) such that:
(a) @ € A*(p),b =b(a!, . .., a")

(b) T b =&

() p-b=1

(d) 2(atb + &) =3 @¥
where A*(p) is defined in terms of the capital constraint p - (agb +
a’) = p - w’, as before.

CoroLLARY 2.15: Let (W', . .., W¥) be any vector of wealths.
There exists a set of endowments
Q={o, ..., o

with respect to which a reproducible solution with value of labor
power socially determined, exists; and p - @” = W, for all v, where p
is the reproducible price vector.

Proof: The proof is the same as for Corollary 2.8.

Appendix 2: Necessary and sufficient
conditions for the validity of the
fundamental Marxian theorem

2.9 Outline of problem

In Chapter 2 it has been shown that the fundamental Marxian
theorem (FMT) holds (Theorem 2.11) if we assume independence of
production (A7). An example (bread and diamonds) was given to
show that some assumption like A7 is necessary for the validity of the
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FMT. In the example, A7 did not hold, and neither did the FMT. In
this appendix, we prove that, in fact, A7 is a necessary condition for
the truth of the FMT. Thus A7 is a necessary and sufficient condition
on technology for the validity of the FMT. We prove the necessity of
independence of production by showing that if A7 is false for a pro-
duction set P, then an economy can be specified with P as its produc-
tion set, for which reproducible solutions exist with positive profits
and zero exploitation. (Note, from an examination of the proof of
Theorem 2.11, that positive exploitation implies positive profits even
in the absence of A7; thus it is only the possibility of achieving zero ex-
ploitation when there are positive profits that is at issue.)

It should be noted that this failure of the FMT has nothing in
common with Steedman’s positive profits—negative surplus value ex-
ample. Indeed, our example of zero exploitation and positive profits
occurs with the correct general definition of exploitation.

2.10 The model

The model presented here is different in some ways from that of the
text. It has been simplified to allow a clear treatment of the question at
hand, the characterization of production sets for which the FMT
holds.

Here are the elements of the model.

Production

We shall assume, for simplicity, that there is one capitalist who faces a
production set P. P consists of vectors of the form & = (—ay, &),
where a is the direct labor input (a scalar), and @ is the vector of net
outputs (in BR*). Labor power is the only nonproduced commodity.
We postulate:
Al. Pis a closed convex cone.
A2. 0 € P.
A3. a € P and @ % 0 implies that ap > 0.
A4. V¢ > 0,c € R*, da € P with & = c.
Note that A3 says labor is necessary for any productive activity,
although not for disposal activities, and A4 says any desired bundle of
commodities can be produced (if enough labor is used).

Because labor is not produced, it is natural to think of production
as being labor limited. There is some amount of labor L available, and
a is only feasible if ag = L.
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Workers’ behavior

Each worker requires a subsistence bundle b > 0, b € R", for a unit
of work. The wage must be precisely sufficient to enable workers to
purchase this bundle. Thus if p is the price vector of goods and the
wage is taken as unity, pb = 1.

Capitalists’ behavior

For a given price vector p, the capitalist maximizes profits subject to
the labor constraint. That is, let

B ={a € Pla, = L}
A(p) = {a € B|p - (& — aob) is maximized}

Note that p(& — a,b) is simply profits at the production action a =
(—ay, @&). The capitalist, facing prices p, chooses an action in A(p).

The simplifying assumption in this model is the existence of one
capitalist. This avoids the problem of the aggregate feasibility of dif-
ferent capitalists’ production plans. A feasible production plan in this
model entails only that labor not in excess of L be employed.

A standard convexity argument shows that A(p) is always non-
empty.

LeMMA 2.16: For all p, A(p) is non-empty.

Proof: Suppose that for p, A(p) is empty. Because P is closed, this can
occur only if there is a sequence of feasible production actions for
which profits are unbounded:

{af} such that p&’ — af — asi—

Because @ = L for all i by hypothesis, we have p&'— «. Hence

|lé'[f = , where || || is the Euclidean norm. Consider the production
plans:
ai
i &
A= Tal

By convexity of P and A2, g € P.

But g = aj/|é] — 0, because ||&/| — «. Because P is closed, i —
B* € P. But 8} — B#, and so B¢ = 0. But B* # 0, because ||B*|| = 1.
Hence, we have produced a nonzero, nonnegative production action
in P that does not require a labor input, a contradiction to A3. Hence
A(p) is non-empty. Q.E.D.
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Equilibrium

DEFINITION 2.11: A pair (p, @) is a reproducible solution for the economy
(P, L, b), if:

(@) pb=1 (subsistence wage)

(b) ap =L  (feasibility)

(c) a € A(p) (profit-maximizing capitalists)
(d) &= a¢b (reproducibility)

Exploitation

We define the rate of exploitation ¢(e) at a point in the production set
as we have in the body of the chapter:
For any point @ € P:

_ap — 1.v.(aob)
4@ = = (aeh)

2.11 The fundamental Marxian theorem

It is straightforward to observe that reproducible solutions (RS) exist.

THEOREM 2.17: Let b > 0. Under A1-A4, a reproducible solution
(p, @) exists.

Proof: Define
z(p) = {agb — &|a = (—ao, &) € A(p)}

z(p) is nonnull by Lemma 2.16, and convex-valued. Furthermore,
standard arguments show that z(p) is upper hemicontinuous. We de-
fine z on the simplex S = {p|pb = 1}. (Note the importance of the as-
sumption, here, thatb > 0, so that S is a simplex.) Note pz(p) = 0, be-
cause at worst maximal profits are gotten by taking the action 0 € P,
which exists by A2, and which renders profits zero. Hence, by the
fixed point lemma, there exists p and agb — & € z(p) such that
aob = a.

Recall the assumption of independence of production:

A7. (—ap, —a, @ EP, a=0and 0 <c¢ =< @, then 3 (-3, —a’,
@') € Psuch that @ — &' Z ¢ and ay < ap.

Actually, we have modified A7 a bit here from its first statement in
Chapter 2: We require 0 < cinstead of 0 = c. We shall remark on this
later; in fact, at the cost of simplicity, we could state the definition as
“0=c”
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It will be useful to relate independence of production to efficiency.
An efficient point in P is one having the property that no more out-
puts can be generated without using more inputs:

DEFINITION 2.12: a € P is efficient if ABEP) B=a

Now the failure of A7 can be stated in terms of efficiency as follows.
We use the symbol (~A7) to mean the negation of A7:

(~A7) (3c > 0) (a efficientand ® = ¢ > & = ¢)

(~A7) says that there is a strictly positive bundle of net outputs that
cannot be exactly produced as the net output bundle of any efficient
point in P. Efficient production must produce more than c if it pro-
duces c. Recall, for instance, the bread and diamonds example of
Chapter 2. Note that (~ A7) is in fact the negation of A7.

It is easy to observe thatif A7 holds, then positive profits are equiva-
lent to positive exploitation for this model. The proof is identical to
that of Theorem 2.11. We proceed to prove the main result of this
section, that independence of production is also a necessary condition
of the FMT in this model:

THEOREM 2.18: Let P be a production set satisfying A1-A4 and ~A7.
Then there exists an economy (P, L, b) that supports a reproducible
solution with positive profits and zero exploitation.

First it is necessary to choose band L. Let C = {& € P|ais efficient,
& = c}. Choose a* = (—a§, &*) € C for which the direct labor input
is minimized. Such a* exists by the assumptions on P, and a§ # 0. De-
fine b = c/ag > 0, because ¢ > 0. Thus &* = agb. Furthermore, by
definition of the rate of exploitation, it follows that e(a*) = 0, now
that b is chosen. Choose L = af. The economy (P, L, b) is now en-
tirely specified, and so a reproducible solution exists, by Theorem
2.17.

We demonstrate:

LEmMmA 2.19: Let p be an equilibrium price vector for the economy (P,
L, b). Then there exists a reproducible solution (p, @), where a is
efficient.

Proof: Because p is an equilibrium price vector, there exists a RS
(ps B). Suppose that B is not efficient. Then Ja = (—ay, @) =
(—Bo, i}) and a is efficient. It follows that e« is feasible and reprodu-
cible. But p(@ — apb) = p(i} — Bob) and so « € A(p) also. Hence
(p, @) isa RS. Q.E.D.

This lemma allows us to limit our search for reproducible solutions
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to those actions @ € P that are efficient. That is, if e is a reproducible
action that is profit maximizing with respect to prices p over the set of
¢fficient feasible production points, then a is a reproducible solution.

Proof of Theorem 2.18: Let V = {& — agb|(—ay, &) is feasible, repro-
ducible, and efficient}. Because (— ay, @) is reproducible, V C R%, the
nonnegative orthant. Furthermore, by assumption ~A7 and the
choice of b, it follows that 0 & V. Hence V NR™ = 0, whereR" is the
nonpositive orthant. Hence, there exists a hyperplane that separates
V strictly fromR?2:

(3p) (pR2 =0, pV > 0).

Thus, p = 0, and because b > 0, we can normalize p so that pb = 1.
(This is why the assumption ¢ > 0 simplifies the proof.)

By the requirement of feasibility, V is compact. It follows that there
is a point B* = (—B¥, B*) € V that maximizes profits p(&@ — a,b) over
V. Hence B* is a reproducible solution, by Lemma 2.19. By choice of
p, profits are positive at 8*. Furthermore, 8§ = L: for if B¢ < L, then
the point (L/B§)B* is in V because P is a cone; and because profits are
positive at B*, they are even greater at (L/B§)B* - an impossibility.

Recall, however, that 8§ = L = ag*, and that e(a*) = 0 by choice of
a*. Hence, ¢(B*) = 0, because

B — L.v.(B¥b) _ af — Lv.(agb) _
L.v.(B%b) L.v.(agb)

Hence, (p, B*) is the required pair: a reproducible solution exhibiting
positive profits and zero exploitation. Q.E.D.

e(B*) = e(a*)

Remark. This theorem can be generalized to include the case where
the original vector ¢ of ~ A7 is simply nonnegative and nonzero: ¢ =
0. In this case b = 0, and the existence Theorem 2.17 can also be
proved for this case. The complication is to guarantee that the normal
to the separating hyperplane, p, of V and R, can be normalized so
that pb = 1. A version of the separating hyperplane theorem assures
us that this can be accomplished with a strictly positive vector p, be-
cause 0 € V. Because p > 0, it follows that p can be normalized so
that pb = 1. Hence, the theorem holds when ~A7 is weakened to,
say, 3¢ = 0, although the rigorous demonstration of this general-
ization is beyond our scope.

2.12 Conclusion

We have characterized production technologies for which the FMT
holds as those where independence of production prevails. Note that
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“independence” is needed only to guarantee the veracity of the state-
ment, “positive profits imply positive exploitation,” as the converse is
always true.

There are two observations one might wish to make from this fact.
One is that it is conceivable for capitalists to make profits without ex-
ploiting workers. This can happen only with “dependent” produc-
tion, in which workers must produce bread for themselves, and they
incidentally produce as an unwanted by-product, diamonds, which
the capitalists expropriate. Clearly, such a phenomenon is not of
major importance in real capitalist economies.

A second observation has to do with the nontriviality of the FMT.
The opinion has been frequently voiced that the FMT is “trivial” — be-
cause it says simply that there can be profits if and only if there is a
surplus produced. The demonstration here shows that the relation-
ship between profits and exploitation is not trivial, in the precise sense
that the FMT is not universally true. Statements that must be quali-
fied in a non-obvious way are not trivial statements. We might think of
the economics behind the independence criterion in this way: If a
production set enjoys independence, then no goods are free in terms
of labor. It always costs some labor to increase net output above some
specified level. In this classical case of no free lunch, the FMT holds.
Only when it is possible to produce an increase in output with no
more labor expended can an economy violate the Marxian principle.

The FMT, then, characterizes precisely a certain kind of classical
economy (no free lunch of a certain type). It is precisely the no-
free-lunch property of production that drives the equivalence of ex-
ploitation and profit making. Needless to say, this was not observable
in Leontief models of production.



3 The equalization of profit rates
in Marxian general equilibrium!

3.1 Introduction

It is usually taken as a postulate in Marxian discussions that the rate of
profit is equal, at equilibrium, for all capitalists. Such a phenomenon
should not, however, be a postulate, but rather a theorem, for what
capitalists try to do is maximize profits, and any macroeconomic phe-
nomenon (such as an economy-wide unique rate) should be derived as
a consequence of individual capitalist accumulation behavior. In
Chapter 1 we showed that for a special linear model where all capital-
ists face the same Leontief technology, profit rates are equalized at re-
producible solutions. It was also shown, in the monopolistic competi-
tion model of that chapter, how imperfect entry could prevent the
equalization of profit rates.

In the general model of Chapter 2, profit rates are not equalized at
reproducible solutions. (Clearly the model of monopolistic competi-
tion is a special case of the general model.) This is due to the non-
existence of a market for finance capital: Capitalists are not able to
borrow or lend. In this chapter, a finance capital market is appended
to the model of Chapter 2, and it is shown that Marxian equilibria
continue to exist and, furthermore, profit rates are always equalized
at equilibrium.

This sounds like a familiar story — the existence of a capital market
will allow investment funds to be efficiently allocated, so that the rate
of return on the marginal dollar is everywhere the same. There is,
however, another type of profit-rate equalization that is not driven by
the existence of a capital market, but rather by the requirement that
the system reproduce itself. Furthermore, in the general case, the argu-
ment here shows that it is not “competition” in some vague sense that
equalizes profit rates, but precisely the existence of a capital market.
This is a point that has, perhaps, not been made sharply enough in
Marxian discussions.

71
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There is another reason to prove theorems that show when a
Marxian equilibrium will enjoy profit-rate equalization. Suppose that
at given prices p, the rates of profit in different sectors differ. A
process of capital movement may then begin: We think of capital
leaving low-profit-rate sectors and entering high-profit-rate sectors.
The presumption has been that such a dynamic process leads to equal-
ization of profit rates, as a consequence of changing prices. Nikaido
(1978) claims that such dynamic processes do not necessarily con-
verge. Thus, the dynamic foundations of equal-profit-rate equilib-
rium seem shaky. It is therefore important to understand precisely
which postulates of the Marxian model give rise to a static equilibrium
with equal profit rates.

Let us point out the two causes of non-equalization of profit rates in
the model of Chapter 2. First, if the production sets P” differ among
capitalists, the profit rates can differ. This is the case discussed above.
Second, if the production set P = P! is the same for all capitalists and
is not a cone (but is convex), then profit rates can differ. This situation
arises because of diminishing returns: Capitalists with more capital
will operate “farther out” in P!, thus generating greater total profits
but at a lower profit rate. (If, however, all capitalists face the same
conical production set, then profit rates will be equalized at equilib-
rium.) The inefficiencies that can arise then, due to (1) imperfect in-
formation or imperfect entry (which is what occurs when capitalists
face different production sets), and (2) rents (which can be thought of
as case of diminishing returns), are overcome by a finance capital
market.

It is worthwhile to review the one important case where profit rates
are equalized for all production activities at Marxian reproducible so-
lutions even without a capital market. Suppose that all capitalists face
the same conical production set, and it is generated by an indecompos-
able Leontief technology. Then the only price vector capable of re-
producing the system is one that equalizes the profit rates for all pro-
duction processes, even without a capital market. (See Chapter 1.)
Briefly, the argument is this: Capitalists will only invest in maximal
profit-rate processes. If all processes do not generate the maximal
profit rate, then some processes will not operate. But by indecompo-
sability, the economy cannot reproduce itself unless all processes
operate. In this case, then, the requirement of reproducibility drives
profit-rate equalization across production activities independent of
the existence of a capital market. We shall return to this point later in
the chapter.

Finally, the equivalence of positive profits and positive exploitation
is proved for the economy with a credit market, which shows the exis-
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tence of equilibria with positive profits in the model of Chapters 1 and
2 was not due to the lack of a credit market. This, in turn, allows us to
evaluate what attribute of the Marxian model is responsible for the
existence of positive profits at equilibrium, and requires some discus-
sion of neoclassical theories of profit.

3.2 Marxian equilibrium with finance capital market

As before, there are N capitalists indexed by v. Capitalist » possesses
an endowment w” = 0 of goods. He faces a production set P* whose
points are (—af, — @', &), where &, & ER%Y, af = 0; a} is the
direct labor input, @ is the input vector of commodities; & is the out-
put vector of commodities. Assumptions A1-A4 of Chapter 2 hold
for P*.

Capitalist behavior

A capitalist might borrow funds in amount D”. His feasible set, with
such borrowing, at prices p, is

B(p, D*) = {a* € P"|pa’ + a} = pw’ + D}

(Negative borrowing, of course, is lending.)

Capitalists, facing prices (p, r), where p is the commodity price
vector and r is the interest rate, maximize profits. Profits are the value
of what the capitalist possesses at the beginning of the next period
minus the value of current endowments. Thus, at borrowings D?,
profits will be

I’ (p,; D*) = max {[pa*] + [D" + pw’ — (pa + a§)] — [(1 + ND*] — pw’}

a’€B¥(p,D")

where the terms are, respectively, income from production, the value

of assets not used in production but held over untl next period, the

value of borrowing repaid, and the value of today’s endowments.
We may simplify:

nv 3 vy — ¥ — v g v —_ v
(p,7; D*) = max {{pa - (pa’ + a§)] — D"}
Let

A¥(p, r; D*) = {&” € B*(p, D) |1*(p, r; D*) is achieved}
Let

@¥(p, r) = {D|0*(p, r; D*) is maximized}
[2¥(p, r) may be empty for some values of (p, r).]
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Let

- v, . v
A(p, 1) = D"E@L’-‘J(p,r) A¥(p, r; D¥)

Capitalist behavior, formally, is as follows: Given prices (p, 7), to
choose any action in ##(p, ). That is, capitalist ¥ chooses an amount
to borrow (lend) at which his profits are maximized at those prices; he
then chooses any production action that realizes those maximal
profits.

Equilibria

DEeFiNITION 3.1: (P, 7) is @ reproducible solution with finance capital

market if:

(@) (V»)(AD* € D*(p, )(2 D¥ = 0) (feasibility of optimal bor-
rowing)

(b) [3a® € A*(p, r; D)2 & + ajb = w) (feasibility of produc-
tion plans)

© a"—-2a =3 alb (reproducibility)

(d)y ppb=1 (subsistence wage)

Conditions (b), (c), and (d) are familiar from before. Condition (a)
states that there is a set of individually optimal borrowings for capital-
ists that is socially feasible: Because capitalists can borrow only from
each other, net borrowings must sum to zero.

We summarize the formal definition of a reproducible solution with
finance capital market. Facing a price~interest rate pair (p, r), each
capitalist decides what his optimal borrowing (loan) is. The optimal
loan is one that allows him to produce affordably at some point that
maximizes his profits, after the loan and interest are repaid. (Loans
may be negative, of course.) For (p, 7) to be a reproducible solution,
four conditions must hold: (1) The capital market must clear; (2) the
market for production inputs and wage goods must have no excess
demands (feasibility); (3) society must not run down its aggregate en-
dowments (reproducibility); and (4) the subsistence bundle must be
precisely affordable. Thus, a reproducible solution with finance capi-
tal market is like a reproducible solution of Chapter 2, with one addi-
tional market that must clear for all capitalists to be able to optimize.

As was shown in Chapter 2, condition (c) should be thought of as a
supplementary condition to the usual notion of general equilibrium.
If (p, r) exists for which (a), (b), and (d) are satisfied, then (p, r) will be
called a competitive equilibrium with finance capital market. It will re-
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quire additional investigation to determine whether reproducible so-
lutions exist.

We next show that a competitive equilibrium exists, and that all cap-
italists’ “profit rates” are equalized at such an equilibrium.

Existence of competitive equilibrium with a finance
capital market, and profit-rate equalization

The strategy for showing the existence of a competitive equilibrium
with finance capital market is conceptually simple, but notationally
difficult, so it is worthwhile to provide a verbal preview of the idea.
What a capital market does is produce an allocation of capital among
firms that maximizes capitalists’ joint profits. That is, it allows capital
to be allocated in a socially efficient manner, which implies that joint
profits will be maximized. Hence, we shall define yet another kind of
equilibrium - a joint-profit-maximizing equilibrium. We shall say that
a certain distribution of wealths allows a joint-profit-maximizing
(JPM) equilibrium if, when capitalists are assigned those wealths and
no borrowing is permitted, a joint profit maximum is achieved. (That
is, a distribution of capitals, or wealths, that admits a joint-profit-
maximing equilibrium is a socially efficient distribution of capitals.)
We then show that a JPM competitive equilibrium exists. This is a
simple matter: We simply need show that there is a way of allocating
total capital to maximize joint profits, which is clearly true. Then,
using the idea discussed above, we show that any JPM equilibrium in-
duces a competitive equilibrium with finance capital market. The idea
here is also simple: Namely, we assign the vth capitalist a loan that is
equal to the difference between his assigned wealth at the JPM equi-
librium and his actual, given wealth in the original model. The only
trick is to show that there is an appropriate interest rate which will, in
fact, make these loans optimal loans for all. But the existence of such
an interest rate follows from the JPM nature of the equilibrium. In
particular, the reason an equilibrium is JPM is that it equalizes the
rate of return on the marginal dollar invested in every line of produc-
tion (every P*). We take this universal rate of return to be the interest
rate, and show that it is the required interest rate for the assigned
loans to be optimal. This also shows, immediately, that the rate of
profit is equalized for all capitalists at the competitive equilibrium
with finance capital market, because we have just shown that the indi-
vidual profit rates are all equal to the economy-wide rate of interest.

So far, we have indicated the argument for the existence of a com-
petitive equilibrium with finance capital market. To deduce the exis-
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tence of a reproducible solution with finance capital market, we must
again introduce the notion of a quasi-reproducible solution. This
argument parallels the argument of Chapter 2.

We proceed with this plan by introducing the equilibrium concept
of joint profit maximization. What is the distribution of capital values
that would produce maximal joint profits at prices p —in the absence of
a capital market?

DEFINITION 3.2: Let total endowments @ be given. Let p be given. Let
a distribution of numbers (C!, . . . , C¥) be given, C* = 0. Define

BY(p, C*) = {a® € P"|pa’ + o4 =< C*}
Let
I*(p, ) = max {[pa’] +[C* - (pa’ + a§)] - C*}

a*eB“(p.C")

or

IP(p, €)=  max [p&" — (pa’ + o]
[fl"(p, C") is the function that assigns to (p, C*) the maximum achie-
vable profits with prices p and wealth endowment C?.]
Let

A’ (p, C*) = {&@ € B(p, C")|I1(p, C") is achieved}

Define I(p; C', . . ., €¥) = 3, [T1"(p, C*). Then p is a joint-profit-

maximizing (JPM) competitive equilibrium if:

(a) (_HC”)(E C’ = pw).

(b) I(p; C*, . . ., C") is maximized (for p fixed) over all distribu-
tions satisfying condition (a).

(© (Vw)(3a" €AY (p,C")T & + 2 afb = @).

(d) pb = 1.

This definition says that if capital values are distributed in the
manner (C!, . . . , C¥), then an individually optimal, socially feasible
solution exists, and that joint profits can never be greater at prices p.
(Note: There is no borrowing in this JPM model.)

By virtue of the next lemma, in our study of the economy with the

finance capital market, we shall be able to limit our investigation to
JPM equilibria.

LemMa 3.1: Let {(p, r); D', . . . , D¥} be a competitive equilibrium
with finance capital market. Then {p; C!, . . . , C"}is a JPM equilib-
rium, where C* = pw’ + D"
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This lemma says that the equilibria with finance capital market are
all JPM equilibria — reinterpreted without the capital market. Hence,
to find all of the former, we may limit our search to the latter. Con-
versely, it will be shown below that all JPM equilibria can be reinter-
preted as equilibria with a finance capital market.

Proof: Note that joint profits in the two economies {(p, r); D, . . .,
DV} and {p; C?, . . . , C*} are identical. They differ only by the inter-
est and loan charges 2, (1 + r)D?, which sum to zero, because by hy-
pothesis = D” = 0.

Suppose, then, that {p; C*, . . . , C"}, as defined, were not a JPM
equilibrium. Then it is possible to redistribute capital values so that
{p; C'', . . ., C'"} yield greater joint profits. But by the above para-

graph, the borrowing induced by
D= (" - pw”

would yield greater joint profits in the economy with capital market.
Hence, for at least one capitalist, borrowing D’ must be superior to
borrowing D, at prices (p, 7). Hence {(p, r); D, . . . , D"} was not an
equilibrium with finance capital market. Q.E.D.

THEOREM 3.2: A JPM competitive equilibrium p exists.

Proof (sketch):

(a) We assume, for simplicity, that b > 0. Hence p may range over
the simplex § = {p|pb = 1}.

(b) For p € S, there exists a feasible distribution of capital values
(CY, . . ., C") that maximizes joint profits. This is true because
individual maximal profit functions IT*(p, C*) can be shown to be
continuous in C”, by the assumptions on P”. Hence joint profits
are a continuous function defined on the compact domain of fea-
sible capital value distributions.

(c) Define the correspondence:

Z(p) = {E & + 3 oih) — w|e € A¥(p, ),
where (CY, . . ., C¥) maximizes joint profits at p}

It follows from the assumptions on P that Z(p) is upper hemicon-
tinuous and convex valued. Furthermore, pZ(p) = 0 by the defi-
nition of A*(p, C?).

(d) It follows from the fixed point lemma that p exists for which

Z(p) = 0, which provides the required JPM equilibrium. Q.E.D.



78 Marxian economic theory

THEOREM 3.3: (f) A competitive equilibrium with finance capital

market exists, (p, 7).

() If (p, 7) i1s any such equilibrium, then r is equal to the marginal
rate of profit in production for each capitalist » for whom the
marginal rate of profit is well defined.

We require a well-known result:

LeMMA 3.4: A continuous, concave function f of a real variable pos-
sesses right and left derivatives at all points, and df*/dx < df~/dx.

Proof of Theorem 3.3: Let ¢ = (p; C', . . . , C¥) be a JPM equilibrium
that exists by Theorem 3.2. Recall that IT*(p; C”) is the function that
assigns to the value C” the maximal profits capitalist » makes when
restricted to his feasible set BY(p; C*). II*(p; C”) can be shown to be
continuous (as has been remarked), and concave, by the convexity of
P*. We fix p, and from now on speak simply of IT(C”).

Because £ is JPM, it follows that for all sufficiently small positive
numbers §:

Ve, II%C* + 8) — IT*C*) = TT7(C?) — TT(Cv - &) (3.1

for if (3.1) failed for some 8, then funds in amount 8 could be trans-
ferred from capitalist v to capitalist u, and joint profits would in-
crease, an impossibility.
Dividing inequality (3.1) by 8 and passing to the limit as 8 — 0 gives
2 a1
<
dac* dacv

Y #v (3.2)

where the derivatives are evaluated at C* and C? (a little notational
abuse). (This limit operation is legitimate because, by the lemma, the
right and left derivatives exist.)

However, by the lemma also it follows that

gy _ 471 -

er =Ll W=LN (3.3)
From (3.2) and (3.3);

M = max i = min d 11 =m 3.4)

v dC” v dc?

Choose 1, therefore, so that r € [M, m].

It is now shown that r is the appropriate interest rate which allows
one to reinterpret the existing JPM equilibrium as a competitive equi-
librium with finance capital market. Define

DY =Cv - Pwv
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which will be the borrowings of capitalist v. Because r < d~T1*/dC for
all », it follows that within a small neighborhood of D*, no capitalist
wishes to borrow less than he does at D*, given prices (p, 7). (That is,
profits on his “last” dollar of capital are at least as great as the interest
rate.) But because r = d*11*/dC for all v, within a small neighborhood
of D?, no capitalist wishes to borrow more than he does at D*. Because
the profit functions are concave, this local argument shows that the
borrowings D are in fact a global optimum for the capitalists.

The argument in the last paragraph is slightly intuitive and not for-
mally precise, because it employs the (fictitious) profit functions
fl”(p, C?) — the actual profit functions for capitalists are [T*(p, ; D*) in
the economy with finance capital market. To be formally precise, we
observe, from the simplified definitional expressions for II*(p, ; D*)
and I1*(p, C*) that

=Tv, . 14 =TT )14 =Tv v
d_% (Cl/) = Q(d%m (pwl/ + Dl/) = d—]]d(éy’& (Cl/) —-7r

Hence, from choice of 7, it follows that

_HV(B’ r; DY) y
iD” (pw* + D) =0 Vv

and

+TTv, . NV
ERGiD iy <o W
from which it follows rigorously that the point (p, r; D', . . . , DY)
constitutes an equilibrium.

It has been shown that the JPM equilibrium is an equilibrium with
finance capital market. If, in addition, the profit functions are in fact
differentiable, then
_dmr

dD¥

Yv 0

It follows from examination of the definition of II*(p, r; D*) that the
rate of profit from productive activity is equalized to the interest rate
for all capitalists at such a point:

D L2 [pa” — (pa’ + af)] =7

It has, finally, to be shown that any equilibrium (p, r) with finance
capital market has the stated property (ii) of the theorem. If {(p, 7);
D', . . ., D"}is such an equilibrium then by Lemma 3.1, it is a JPM
equilibrium also. Hence, by the argument here, inequalities (3.2) and
(3.3) hold, and hence the interval {M, m] of (3.4) can be defined. If
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r & [M, m], then the argument given shows that the equilibrium in
question is not a JPM one, because some capitalist could profitably
borrow (lend) more. Hence r € [M, m], and the conclusion follows.
Q.ED.

A remark is due on the statement in Theorem 3.3, part (%), “. . .if
the rate of profit is well defined.” If the production sets are all dif-
ferentiable (that is, if the production functions that define the effi-
cient points of the sets are differentiable), then the profit rate at any
point is well defined, because the function IT will be differentiable.
The only problem arises when the production set has kinks. At a kink,
the rate of profit can only be said to lie in an interval between the left-
and right-hand slopes. This idea was captured formally above with
the notion of left and right derivatives of the profit function. Thus, if
the production sets are without kinks, then Theorem 3.3 establishes
the equalization of profit rates for all capitalists, in the presence of a
finance capital market.

Exustence of reproducible solutions with finance capital market

It is now necessary to demonstrate that reproducible solutions with
finance capital market exist. As in the model without finance capital
market, we can show that such solutions exist for any wealth distribu-
tion — but not for any initial distribution of endowment vectors. We
can prove the following theorem.

THEOREM 3.5: Let (W', . . ., W¥) be any vector of wealths. Then
there exists a set of initial endowment vectors
Q={w, ..., o'}

such that there exists a reproducible solution with finance capital
market {(p, 7); D!, . . . , D¥} with the property that pw’ = W" for all
v.

Because a reproducible solution is a special kind of competitive
equilibrium, it follows from Theorem 3.3 that the rates of profit are
equalized in all production sets P” at the reproducible solution.

A sketch of the method of proving Theorem 3.5 follows.

DerFINITION 3.3: Let W be a positive real number. We define (ps
C', . . ., C") to be a quasi-reproducible joint-profit-maximizing so-
lution (QRJPM) if:

(@ 2C"=W.
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(b) Capitalist » chooses @” € P” to maximize profits at prices p, sub-
ject to the capital constraint
pa’ +ag =C”
(c) Profit-maximizing {@’} exist that generate reproducibility:
Sa -3a =3 b

(d) Subject to (a) and (b), (C?, . . . , C¥) is the distribution of capital
values that maximizes joint profits.
(€) pb=1.

A QRJPM solution is basically a reproducible solution where feasi-
bility is ignored. [See condition (b) of Definition 3.1. This parallels the
construction of quasi-reproducible solutions (QRS) of Chapter 2.]
Lemma 3.6: For any W, a QRJPM solution (p; C!, . . . , C") exists.

Proof: The proof is virtually identical to that for Theorem 2.5.

Proof of Theorem 3.5
(a) Define W =3 W*. By Lemma 3.6, a QRJPM solution (p;
C!, . .., C") exists. Associated with this solution are produc-

tion points {a’} that generate reproducibility, according to condi-
tion (c) of Definition 3.3.

(b) Let @ be any vector of aggregate endowments such that @ =
b3 o} + 2 @ and pw = W. (Such @ exists by Definition 3.3, be-
cause p(b 2 o} + @) = W.) Decompose @ into @ = 2 @’ in any
way so that pw’ = W".

(c) Let w = X @’” be any decomposition of  such that pw'” = C*. By
choice of @, it follows that {p; C*, . . . , C*} is a JPM competitive
equilibrium.

(d) Let D* = C* — W". Because any JPM competitive equilibrium in-
duces a competitive equilibrium with finance capital market, it
follows that a competitive equilibrium with finance capital market
{(p, 7); D, . . . , D"}is here induced. Moreover, this equilibrium
is a reproducible solution, because the optimal production points
satisfy condition (c) of Definition 3.3. Q.E.D.

3.3 Summary: what drives profit-rate equalization
in the Marxian model?

It has now been shown that if a finance capital market exists, then
Marxian equilibria (reproducible solutions) exist for any given distri-
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bution of capital values, and that at these reproducible solutions the

following holds: the marginal rate of profit at the chosen production

point @” in the production set P” is equalized, for all ». The capital
market thus equalizes profit rates for all production sets, and for all
capitalists.

As has been shown, the function of the capital market is to allow
joint profits to be maximized: In this sense, the capital market distrib-
utes available capital optimally from the point of view of capital as a
whole. The inefficiencies that may exist without a capital market are
of two types, as we have discussed: (1) where capitalists do not all face
the same production set; (2) where capitalists face the same produc-
tion set, but there are nonconstant returns to scale. The capital
market overcomes the inefficiencies due to (1) and (2), in the precise
sense that it finds a joint-profit-maximizing solution in those cases —
and, consequently, a solution where profit rates are equalized in the
sense discussed.

If neither (1) nor (2) is a problem - that is, if all capitalists face the
same conical production set — then a capital market is unnecessary to
equalize profit rates across capitalists. At any competitive equilibrium,
profit rates for all capitalists will be equal.

Finally, for certain special technologies, we can speak about individ-
ual production activities. In the Leontief or von Neumann models, for
instance, we can think of the production cones as being generated by
a finite number of discrete activities. As we have discussed, in an inde-
composable Leontief model, profit rates are equalized for all activities
by the requirement of reproducibility. In a decomposable Leontief
model where all capitalists face the same production cone, or in the
von Neumann model, reproducible solutions can exist generating dif-
ferent profit rates in different activities, but only the activities with the
maximal profit rate will be operated. Thus, profit rates continue to be
equalized for capitalists, and in all production sets P*, but not for all
production activities.

We can thus summarize the mechanisms that equalize profit rates in
this way:

1. If there is perfect free entry and constant returns to scale, then
profit rates are equalized for all capitalists by individual profit
maximization in the absence of a capital market; nevertheless, dif-
ferent production activities, if they can be defined, may generate
different profit rates.

2. If there is imperfect entry or nonconstant returns, then profit rates
for all capitalists are equalized by individual profit maximization
and the existence of a capital market.
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3. Even if a capital market exists, profit rates for all production activi-
ties may not be equalized. In the indecomposable Leontief model,
the equalization of profit rates across activities is driven by the re-
quirement of reproducibility.

34 Positive profits, positive exploitation,
and the theory of profits

It does not come as too much of a surprise that the FMT 2.11 of
Chapter 2 remains true in this economy. In fact, Theorem 2.11 is
true, verbatim, for reproducible solutions with finance capital market,
and so the statement of the theorem will not be repeated here.

The proof is simple. In the previous section, it was observed that a
reproducible solution with finance capital market always induces a re-
producible solution in the economy without credit market, where capi-
talists are assigned wealths or capital values that produce a joint-
profit-maximizing (JPM) reproducible solution. That is, let @', . . . ,
" be the distribution of endowments and let p be a reproducible so-
lution (without capital market) for those initial endowments, with the
property that joint profits are maximized, among all possible endow-
ment distributions whose capital values add up to pw. Now this repro-
ducible solution is the type studied in Chapter 2, because there is no
capital market at the JPM equilibrium — and so the FMT 2.11 applies:
Total profits are positive if and only if there is a point allowing posi-
tive exploitation in the aggregate production set P. But total profits in
this JPM economy are identical to total profits in the economy with
capital market, at a reproducible solution. Hence, the theorem re-
mains true in the presence of the capital market. That the other sec-
tions of Theorem 2.11 remain true here is easily verified from the
existence theorems of the previous section.

That the FMT remains true with a capital market has one implica-
tion worth mentioning. What allows an equilibrium with positive
profits to exist in a model with constant-returns-to-scale technology?
(After all, in neoclassical general equilibrium, profits must be zero at
such an equilibrium.) It is the assumption, in the models of the
chapter, that capitalists maximize profits constrained by the availabil-
ity of capital. After all, if a capitalist possessed infinite wealth, he
could not maximize profits with a CRTS technology, if positive profits
were anywhere possible. It is this assumption of a capital constraint
that provides for the existence of equilibria with positive profits in the
general case. This said, one might think that if the capital constraint
on a capitalist were weakened in some important way, positive-profit
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equilibria might not occur (again, with CRTS technology). Now the
introduction of a capital market apparently weakens the capital con-
straint — for a capitalist can borrow any amount he wishes on the
credit market, or lend any amount he wishes. Because the capital con-
straint is weakened one might expect positive-profit reproducible so-
lutions not to exist.

However, because the FMT holds for the economy, this is not the
case. In fact, by that theorem, for any linear technology (for instance)
for which the rate of exploitation is positive, a reproducible solution
with positive profits exists, even in the presence of the capital market.
Thus, the existence of positive-profit equilibria is not to be associated
with the institution of internal financing of capitalist production;
rather, it is to be associated with the necessity of time in production,
that capitalists must advance the costs of production before they
receive the revenues from production. It is this temporal structure of
production that gives rise to the economic necessity of a capital con-
straint, whether or not funds for production are limited to internal
finance or are available on a capital market.

It may appear to be a small step from the position that has been
developed to this point to the neoclassical/Austrian position, which
says that because of the temporal structure of production, profits are a
return to the capitalist for providing the factor capital, or that interest
is the reward for waiting. This position, however, certainly does not
follow from the model here. All that has been proved is that the inter-
est rate will be positive if and only if workers are exploited, in the
sense of receiving in value terms less than the value of their labor. If
one wishes to interpret the interest rate as a “return to the capitalist”
or a “price of waiting,” one would need some additional structure that
a Marxian model does not possess. For instance, for the interest rate
to be a price of waiting, one would need to endow capitalists with
some utility function that made them suffer from lending out their
capital. As Marx pointed out in Capital, it is more appropriate to think
of capitalists as suffering while abstaining from accumulating, rather
than while abstaining from consuming.

The second feature of capitalist economy, together with the tem-
poral structure of production, that accounts for positive profits and
exploitation is the differential distribution of produced assets. Some
producers enter the economy with stocks of goods, and others have
only their labor power to sell. To reproduce themselves, the disen-
franchised producers have no option but to sell their labor power to
those who possess capital 2 If there are sufficient numbers of workers
competing for employment by a limited stock of capital, the real wage
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will be bid sufficiently low to sustain a positive rate of interest or
profit. Some bourgeois explanations or justifications of profits, there-
fore, attempt to justify the original differential distribution of endow-
ments. Perhaps producers had different rates of time preference;
some accumulated endowments and others ate them up. Marx’s his-
torical study of the primitive or original accumulation of capital (Cap:-
tal, Volume I) attacks this suggestion. The precondition for capitalism
was the forced disenfrachisement of petty producers (for example,
the enclosure movement in England). Plunder, robbery, and power
are more appropriate categories than rates of time preference for ex-
plaining why producers enter our model with different stocks.
Other endogenous characteristics of agents are sometimes held to
explain the differential endowment distribution: the possession of
different skills, or different attitudes toward the acquisition of skills
and different attitudes toward risk. Suppose, for example, that entre-
prenurial ability is a scarce skill, and suppose as well that the accumu-
lation of the great capitalist fortunes is explainable by entrepre-
neurship - a not uncontested claim. (In the models of this book,
entrepreneurship could be the factor that differentiates the produc-
tion sets to which different capitalists have access.) Then profits can
be viewed as a rent to entreprenurial ability. Workers are exchanging
their “surplus” labor time for the benefits that accrue to them from
the exercise of entreprenurial talent that they do not possess. The lan-
guage of “profits are the return to entreprenurial talent” implies,
however, something in addition: either that profits are the just return
to entrepreneurship, or, less grandly, that they are the necessary re-
turn for eliciting it. There is no good justification for the first claim,
and there is evidence that the necessary return to entrepreneurship is
considerably less than profits. For in modern capitalism, entrepre-
neurship is exercised by hired managers who presumably are paid the
necessary, competitive wage for their skill, while capitalists are, in
principle, the coupon clippers who at best exercise the “skill” of
choosing the most competent manager. Pressing the point still fur-
ther, it can be argued that although profits are not entirely exhausted
by the necessary payments to entrepreneurship, still profits are neces-
sary, for the capitalist coupon clippers will not seek or authorize new
investment projects that are risky without the expectation of profits.
But, if this is so, it need not be taken as proof that capitalist profits are
necessary, but rather as evidence that capitalism is a poor mechanism
for organizing investment activity, as contrasted with a socialist invest-
ment mechanism. The correct statement is, at best, that profits are the
necessary return to risky investment activity given the constraint of pri-



86 Marxian economic theory

vate ownership of the means of production. Clearly this statement
cannot be taken to justify what qualifies it, namely those private own-
ership relations.?

In summary, the key assumptions that bring about positive profits
in equilibrium in the models of this book are: the temporal structure
of production; the differential endowments of produced assets; and
the abundance of a class of agents, relative to the capital stock which
can employ them, who do not have sufficient endowments to repro-
duce themselves without selling labor power to other asset holders. It
does not follow, however, that profits are, therefore, a just or even
necessary return to capitalists for advancing their assets in produc-
tion. Wage payments in real form must go to workers for the factor
labor power to be reproduced. Payments for capital, however, need
not go to capitalists to reproduce capital; that is, capitalists need not
be reproduced to reproduce social investment funds. Profits are a
genuine social surplus in the precise sense that their distribution is de-
termined by property relations, which are guaranteed ultimately by
institutions of power and authority, and not by some objectively nec-
essary economic law.



4 Viable and progressive technical
change and the rising rate of profit

4.1 Introduction

Before beginning the technical discussion of the theory of the falling
rate of profit, it is worthwhile recalling Marx’s intellectual project in
proposing his theory. Falling-rate-of-profit theories were a standard
part of the armor of classical economics. The theories of Ricardo and
Malthus were driven by diminishing returns in the natural produc-
tivity of the earth: As society was forced to adopt inferior land for
agriculture, an increasing part of the economic surplus would be
absorbed as rent, with a correspondingly smaller part available for
profits. Hence, the rate of profit would fall as a natural, immutable
consequence of a growing population, independent of what social
and economic system prevailed.

Marx’s aim was to show, on the contrary, that the rate of profit
would fall as a consequence of the specific laws of motion of capitalist
economy. As with so many other questions, he spurned general laws
(that is, laws that purported to apply to all modes of production) and
sought to locate developments such as a falling rate of profit in a his-
torically specific context. Thus Marx proposed a falling-rate-of-profit
theory that was driven by the specific form of technical change he
conceived of as taking place under capitalism. There is no dimin-
ishing returns aspect to the argument. Although it will be shown in
this chapter and the following one that Marx’s theoretical conjecture
was incorrect, his general methodological insight — that any crisis
theory should be specific to the mode of production it seeks to des-
cribe — still stands. Furthermore, his skepticism of the diminishing re-
turns argument has proved correct. At least so far in history, technol-
ogy has succeeded in making obsolete all theories of diminishing
returns.

Indeed, the general insight of the Marxian falling-rate-of-profit
theory can fruitfully be applied today. In our generation, a host of

87
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new neo-Ricardian — Malthusian “falling-rate-of-profit” arguments
have arisen. I refer to the gamut of theories that view continued
progress of mankind as resource limited. This takes various forms:
The rate of population growth is too high, there is not enough food to
feed the world, there is not enough energy to run our technology, we
shall strangle ourselves in pollution. What these theories all have in
common is a tendency to locate the “crisis” in a natural phenomenon,
natural in the sense that it is quite independent of the social system.
This world view is corollary to the neoclassical characterization of eco-
nomics as the study of scarcity — that is, of how to allocate scarce
resources among competing projects. (The scarcity approach casts the
economic problem as independent of social system.)

A Marxist does not deny that population growth, food production,
and lack of oil are genuine problems. But, taking Marx’s cue, one
should not locate the problem in natural causes. In fact, to turn the
usual accusation around, this approach of bourgeois social scientists is
technologically determinist (or vulgar materialist) in the worst sense.
The working postulate should be that crises are a consequence of the
laws of motion of late capitalist society. They can be resolved by
changing the social and economic system. It is not our purpose here
to defend this viewpoint in any detail, but rather to point out the ideo-
logical controversy concerning the question of global resources that
exists today and parallels the controversy that prompted Marx to pro-
pose his specifically capitalist theory of the falling rate of profit. It is
the historical-materialist posture that is the deep contribution of
Marx to crisis theory, and that has still not made sufficient impact on
social science.’

It is, in a sense, a shame that we must spend so much effort in the
next several chapters criticizing the specific mechanism that Marx
proposed for bringing about a falling rate of profit under capitalism,
as such a discussion can distract attention from the important
Marxian methodological approach discussed above. Yet it is manda-
tory that this critique be made in depth, because among Marxists, the
specific falling-rate-of-profit mechanism of Marx is still largely ac-
cepted as true. To the extent that investigators remain wedded to this
incorrect theory, creative research into a capitalist theory of crisis is
stymied. Indeed, the dogmatism that has been associated with the
theory of the “rising organic composition of capital” has been one of
the heaviest palls on the development of a creative Marxian project to
study the laws of motion of modern capitalist society. It is obviously
correct that economic crises are endemic to capitalism, and to ad-
vanced capitalism. Neoclassical economics has its own blindfold on
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this question — the inability to explain satisfactorily unemployment
in a market economy - and Marxian economics has its chalice,
the rising-organic-composition—falling-rate-of-profit theory. Before
progress can be made, at least for Marxists, the chalice must be cast
aside.

Marx’s formulation of the mechanism of the falling rate of profit is,
briefly, this: The rate of profit is given by # = §/(C + V) = eV/(C +
V), where C and V are the values of constant and variable capital, § is
surplus value, and ¢ is the (uniform) rate of surplus value. Hence, 7 =
e/(k + 1), where k = C/V is the social organic composition of capital.
Now if technical change has the effect of increasing k — as capital is
substituted for labor because of class struggle, innovation, and com-
petition — then over time, 7 decreases, if ¢ remains unchanged. How-
ever, ¢ may increase, due to the cheapening (in labor-value terms) of
the workers’ subsistence bundle as a result of technological advance,
and hence the increase in £ may be offset. The fall in 7, then, remains
only a tendency. In fact, we shall show that the increase in k is always
offset by the simultaneous increase in e.

On an even vaguer, more intuitive level, the insight behind the
falling-rate-of-profit mechanism is this: Profits come from the exploi-
tation of living labor. Technical change replaces living labor with ma-
chines (the rising organic composition of capital). With less living
labor to exploit, the rate of profit should fall. What the argument
avoids is a precise treatment of what happens to the rate of exploita-
tion as a consequence of the technical change.

As several authors have pointed out, there is no reason to believe
that the various “countervailing factors” (such as the cheapening of
the wage bundle) do not offset the rise in k. [See, for instance, Sweezy
(1942).] The discussions of the falling rate of profit, moreover, fre-
quently fail to distinguish between the rate of profit in price terms
and the value rate of profit, the latter being S/(C + V). When the
value rate of profit is used, there is little or no concern with the
problem that the value rate of profit changes with the output mix.
(That is, §, C, and V are aggregate value quantities, aggregated at a
particular set of sectoral outputs.) Marx’s discussion, and the discus-
sions of many (though not all) writers since then, are concerned with
movements in the value rate of profit; any conclusions concerning the
viability or efficiency of capitalism must ultimately consider the price
rate of profit, which is the measure of the system’s efficiency in real-
izing surplus value. It is this aspect of the transformation problem
that is muddied.

In the next section, the relationship between the value rate of profit
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and the price rate of profit will be clarified. It will then be possible to
ask if movements in the value rate of profit as a result of technical
change mirror movements in the price rate of profit —if so, then the
confusion alluded to in ignoring the transformation problem is of no
great import. Then, the effects of various types of technical change
on the price rate of profit will be assessed. We shall show that if the
real wage remains constant then the technical changes which capital-
ists will introduce always produce a rise in the rate of profit. There
are, however, types of “socially desirable” technical change that will
not be introduced by capitalists, and some of these would produce a
fall in the rate of profit. This classification between technical changes
that are “viable” under capitalism and that are “progressive” is arrived
at by evaluating technologies with respect to prices of production and
labor values, respectively.

In this chapter, we make the argument as simple as possible by pos-
tulating a pure circulating capital, Leontief model like the one studied
in Chapter 1. This model has been the traditional environment for
studying the Marxian falling rate of profit. In the next chapter, we
show that the same theorem holds for a von Neumann technology;
hence the rate of profit will rise, in a competitive fixed-wage model,
even in the presence of fixed capital, joint products, differential turn-
over times, and all the general aspects of production that can be cap-
tured in the von Neumann model.

Finally, we shall assume that the real wage remains unchanged as a
consequence of the technical change under discussion. This is also the
traditional postulate to make in this discussion. In Chapter 6 we
weaken this assumption, and investigate a falling-rate-of-profit model
where the real wage adjusts as a consequence of technical change.

Several mathematical results on eigenvalues of positive matrices are
needed for the development here, as well as a formula developed by
Morishima—Seton. These are presented in an appendix to the
chapter.

4.2 The value and price rates of profit

The model is specified thus: Let there be m commodities, the first n of
which are capital goods (department I). Only capital goods and direct
labor enter into production of capital goods and wage goods. (The
wage goods, department 11, are commodities » + 1 through m.) Let:
A; be the n X n matrix of input—output coefficients for de-
partment I
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Ay be the n X (m — n) matrix of input—output coefficients
for department 11
L; be the n row vector of direct labor inputs, measured in
worker-days, for department I
Ly be the (m — n) row vector of direct labor inputs for depart-
ment 1
b be the (m — n) column vector that is each worker’s daily con-
sumption bundle of wage goods
a be the price rate of profit
It is assumed that there are no alternative production techniques, no
joint products, and that all capital circulates in the unit time of pro-
duction, which is the same for all commodities. It is clear, then, that

the row vectors of labor values Ajand Ay for the two departments are
defined by

Ap=AA + L “4.1)
Ag = AAg + Ly 4.2)
and the vectors of wage-prices, p; and py, and rate of profit satisfy
pr = (1 + m)(pid; + Ly (4.3)
pPu = (1 + #)(pidu + Ly) 4.4)

[For a development of this standard model, see Morishima (1973).]
We adopt the usual assumptions that A; is productive and inde-

composable, thus assuring that values are positive and that there is a

positive profit rate satisfying (4.3), (4.4), and the budget constraint

1= Pu b (4.5)

(Note that the workers’ daily wage is unity.)

In addition, we adopt the assumption that there are no luxury
goods; that is, b > 0. This assumption can be dropped without drasti-
cally changing the results; however, the assumption makes the proofs
somewhat simpler.

At this point, it might be mentioned that the specific structure of a
two-department technology, which has been assumed here, is not at
all necessary for a study of this problem. Indeed, the whole argument
is algebraically simpler if we simply assume one technology (A, L) as
in Chapter 1. The main result, in that case, becomes that if A is an in-
decomposable matrix, then the rate of profit must rise as a conse-
quence of competitive technological change; if A is decomposable, the
rate of profit may stay the same; but in no case will it fall. Neverthe-
less, despite the elegance gained by assuming the model (4, L), it is
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thought advisable, in this chapter, to display the more conventional

two-department model, thereby adhering closely to the original

Marxian formulation. This, then, is a small concession to the long

debate that has existed on the question of the falling rate of profit. The

effort is to treat the problem in as classical a framework as possible.
Let the m X m matrix M be defined as

= (i, o) =

M is the matrix of “augmented input coefficients.” The ith column of
M specifies the capital inputs and wage good inputs that must enter
the production of the ith commodity, the wage good inputs entering
through consumption of workers “used” in production. The assump-
tion of no luxury goods, along with the indecomposability of A,
enables us to conclude that M is indecomposable.?

The row vectors of constant and variable capital are defined as

C = (AA, AAn)
V = {(Ayb)L;, (Agb)Ly) (4.7)
S =¢V

where the rate of exploitation is given by

=1_A[Ib

Ab (4.8)

€

These preliminaries stated, how is the value rate of profit defined?

It must be defined at a particular set of output levels, to be used as ag-
gregators.

DEFINITION 4.1: The value rate of profit for an economy at an output
(column) vector x is
S-x

C-x+V-x (4.9)

v(x) =
Let us also define the value rate of profit in the ith sector.

DErFINITION 4.2: The value rate of profit in the ith sector is

S

V‘=C‘+V4

where C;, Vy, §; are components of the vectors C, V, S.

It is then possible to express the value rate of profit as follows:
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THEGREM 4.1: The value rate of profit »(x) is the harmonic mean of
the sectoral value rates of profit, with sectoral weights given by the
fraction of society’s total direct labor time expended in that sector
under production vector x. This is,

v(x) = (2 api")™!

where

lix,
L-x

a =

Proof: By definition of »(x),

v(x) = (4.10)

_—°
k(x) + 1
where k(x) = (C - x)/(V - x). k(x) is the social organic composition of
capital. Let k = C;/V; be the sectoral organic composition of capital.
Then

k(x) = =

3 Cix _ 3 k(Vm _ Vixi
2 V;JC{ - 2 V;x; (2 V,x,) (411)
Let @y = Vix; /3 Vyx;. Then, from (4.10) and (4.11),

e

e —
Saki+ 1 Sak+1)

y(x) = (4.12)

this last following because 3 a; = 1. From (4.12),
1 1
3 (k‘ hs

e

v(x)

) = agi! (4.13)

from which it follows that
v(x) = (3 avit)? 4.149)
Finally,
Vixg b0y

V-x L-x’
by (4.7), and the result is shown. Q.E.D.

ay =

CoroLLARY 4.2: The price rate of profit is given by
7 = la(ywi']™?
where y is the von Neumann “golden age” output vector, and

aly) = —Ll‘?‘y
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Proof: The proof follows directly from Theorem 4.1 and the Mor-
ishima—Seton transformation formula (Theorem 4.15, in the ap-
pendix to this chapter).

The theorem and corollary illustrate how any particular value rate
of profit and the price rate of profit can be viewed as certain harmonic
means of the sectoral value rates of profit. The question arises as to
whether the price rate of profit, 7, occupies any special position in the
range of possible value rates of profit. To specify this question more
precisely we define the following:

DEFINITION 4.3: An output vector x is feasible if and only if x = 0 and
Mx = x. Let the set of feasible outputs be called X = {x|x =0,
Mx = x}.

A A

Because Mx is the vector of inputs consumed in the process of pro-
ducing x, an output vector is feasible if it generates a nonnegative
vector of final demands, x — Mx. We limit ourselves to such output
vectors, as the reasonable output vectors to examine in a stationary
state. Notice that X is a convex cone. As the function »(x) ranges over
X — {0}, it achieves a maximum and minimum. This follows because
v(x) is constant along any ray, hence it is sufficient to examine the val-
ues along some hyperplane cutting X; that is, a compact set such as
X N {x|Lx = Lg}. Denote the max and min values that »(x) achieves
on X — {0} as vmax and vpin -

THEOREM 4.3: If the sectoral organic compositions are all equal, then
Vmin = T = Vmax. Otherwise, vpn < 7 < Vnax.

Proof: The first statement is easily verified by Theorem 4.1. So we sup-
pose that the »; are not all the same. Notice that the eigenvector y is in
the interior of X; this follows from Theorem 4.15, because y =
(1 +mMyandy > 0,s0y > My.

Cx - A;Alx; + AlAan

Recall that k(x) = Vx Ix (4.15)

If y(x) possesses an extremum in the interior of X, at x*, then we must
have

ok
— *) =
ax (x*) = 0.

Differentiating (4.15),
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(Lx)(MAy — (AAX)

fori=1,n

(Lx)
Z_: ) (Lx)(AA AAx)L o
'(1);)2( X)L fori=n+1,m
from which it follows that (9k/8x)(x*) = 0 if and only if
(Lx*)A,A = (AAX*)L @.17)

But (4.17) means that the vector of constant capitals, A4, is propor-
tional to the vector of labor inputs, L; that is, all sectors have the same
organic composition of capital. Because we have assumed this not to
be the case, k(x) cannot achieve an extremum in the interior of X;
hence, ¥(y) = 7 cannot be an extremum of »(x) on X, because y €
interior X. Q.E.D.

Theorem 4.3 adds to the characterization of the relationship
between the price and value rates of profit: The value rate of profit
can be greater or smaller than the price rate. A further implication
will be discussed presently.

We next answer the question whether the value rate of profit and
the price rate of profit necessarily move in the same direction as a re-
sult of technical change.

THEOREM 4.4: Let a technology be specified {A;, Ay, Ly, Ly, b}, with an
associated profit rate my. Then there is a perturbed technology
Af, A, Li, Li, b with associated profit rate 7* such that #* < 1y but
v*(x) > v(x), where v*(x), »(x) are the value rates of profit for the two
technologies calculated at some output vector x that is feasible for
both technologies.

Proof: We begin by perturbing only Ly and asking: What is the set of
vectors Li that will render the profit rate in the perturbed technology
{A1, An, Ly, Li, b} unchanged at my? That is, define:

Vs, = {L§| m(L§) = mo}

(We denote 7 as a function of Lif because all other parameters in the
determination of 7 are fixed. See Equations 4.3, 4.4, 4.5.) From Equa-
tion 4.3, the solution p; does not vary with L§ as long as 7 remains
fixed; thatis, p; = py(#). From Equations 4.4 and 4.5, L € ¥, if and
only if:

(1 + mo)lpi(me)An + Liflb = 1 (4.18)
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from which it follows that
¥, = {L§|L§b = Lyb} (4.19)

Notice, now, that A; remains unchanged as Ly, varies, by (4.1); hence,
by (4.2) and (4.19), Agb remains unchanged as Ljf varies over ¥,,, be-
cause

A[Tb = A]A"b + L]Tb = A]A"b + L"b = A"b (4.20)

Hence, the rate of exploitation, ¢, remains unchanged as Lj varies
over ¥, [see (4.8)].
Now
e e

T(Cx/Vx) 1 (e + 1) (Cx/Lx) + 1 (4.21)

v(x)

As Ly varies, the vector C remains fixed. The vector L = (L;, Ly), of
course, changes. If Ly is perturbed slightly to Li, then the cone X(Ly)
is perturbed slightly to a new feasible cone X(Lj) for the new technol-
ogy. It is clear that x € X(Ly) N X(Li) can be chosen so that ¥*(x) >
v(x), by (4.21). (That is, ¢ and C remain fixed, as has been shown, so
we need only choose L and x such that Lixy, > Lyxy.)3

We have, at this point, a perturbed augmented input coefficient ma-

trix
r Al All )
M (bL, bL

Now increase some component of A; to form a new matrix M*. Be-
cause M* is indecomposable (by assumption b > 0), by Theorem 4.13
(see appendix), the eigenvalue \* > \'. Because A = 1/(1 + @) = N’
and A* = 1/(1 + #*), by Theorem 4.15, #* < «. Furthermore, the
perturbation of M’ to M* can be made small enough so that the new
v*(x) remains larger than »(x) and x remains feasible, because »(x)
varies continuously with the technology. Thus the original technology
{A1, Ap, Ly, Ly} has been perturbed to a technology {A§, Ay, Ly, Lif} in
such a way that #* < 7 and v*(x) > »(x). Q.E.D.

The implications of Theorem 4.3 and 4.4 can now be summarized.
Theorem 4.4 says that one cannot infer the direction of movement of
7 from the direction of movement of »(x), as a consequence of tech-
nical change. However, Theorem 4.3 says that if technical change is
sufficient to shift the whole range of values [Vmin, Ymax] to @ new range
[Vin, vi¥ax] such that v, = vy, then certainly #* > #. In particu-
lar, we have according to the harmonic mean formula (Theorem 4.1)
that vy, Z min v; and vy = max v;. Thus, if technical change is suf-
ficiently great to render min v¥ = max »,, then in fact #* > 7. In



Technical change and the rising rate of profit 97

summary, for small technical changes, the profit rate and the value
rate of profit may move differently; for sufficiently dramatic (long-
run?) technical change, however, the two rates of profit move in the
same direction. In this light, one can evaluate the various arguments
on the falling rate of profit that restrict themselves to an analysis of
the value rate of profit alone.

4.3 The effect of technical change on the rate of profit

There is considerable disagreement on the effect of technical change
on the rate of profit. Morishima (1973) shows that for a certain cate-
gory of technical change, the price rate of profit must fall (see later);
Samuelson claims that for any kind of technical change that profit-
maximizing capitalists would introduce, the rate of profit rises (1972,
p- 54); and Okishio, in a little-known paper (1961), shows that the
price rate of profit must rise for a certain class of reasonable technical
changes. In this section, the result of Okishio is resurrected and ex-
tended, and it is shown when technical changes generate a rise or a
fall in the equilibrium price rate of profit.

First, a rather obvious proposition is shown: that if the technology
after technical change does not use more of any input for any process
than it did before, the profit rate for the economy increases.

THEOREM 4.5: Let M be the augmented input coefficient matrix be-
fore technical change, and M* the matrix after technical change, and
M* = M. Then n* > =.

Proof: M is indecomposable, as has been shown. By Theorem 4.13 (see
the appendix to this chapter), A* < A and hence, by Theorem 4.15,
m > 7. Q.E.D.

This sort of technical change is not very interesting. Okishio (1961)
has posited a more reasonable criterion for technical innovation. Cap-
italists will introduce a new technology if it is cost-reducing, at current
prices. Such a technical change is called viable.

THEOREM 4.6: If technical change is introduced by capitalists only
when it is cost reducing at current prices, then the equilibrium rate of
profit will rise.

Notice that this theorem is not obvious. Clearly, if a capitalist intro-
duces a cost-reducing technical change, his short-run rate of profit
rises. This, however, produces a disequilibrium; what the theorem



98 Marxian economic theory

says is that after prices have readjusted to equilibrate the rate of profit
again, the new rate of profit will be higher than the old rate.

Proof of Theorem 4.6: Before technical change, the current equilibrium
prices are a vector p > 0 such that:

PM = Ap
1
=1T+-P (4.22)
Let my be the ith column of M. Then, by definition,
P'p—““=x i=1,m (4.23)
(]

The new technology for a particular sector, m§, is cost-reducing at
current prices, then, if and only if:

P mé (4.24)
Pio

(The cost of operating the ith process is pm;.) Let M* be the matrix M
with my, replaced by m#. (Rename the columns of M* as m#*.) By

Theorem 4.14 in the appendix to this chapter, the eigenvalue A* of
M* obeys

. . *
min %‘“f < A* < max B (4.25)
i /] i (]
Since we know
mn P _PmE P My PrmE_ (4.26)
i b Pio Pio i b

it follows that A* < A, and hence #* > 7. Q.E.D.

Theorem 4.6 settles, in a fundamental way, the Marxian conjecture
of a falling rate of profit due to competitive innovations by price-
taking capitalists. It is essentially the end of the classical story. We
shall continue, nevertheless, to discuss other points that have ap-
peared in the literature on the question.

Another type of technical change is suggested by Morishima (1973,
p. 142). He assumes that technical change 1s capital-using (af§ = ai;)
and labor-saving (I = §;). There is some basis for thinking that this
was the type of technical change Marx foresaw, and indeed, the type
of technical change that does in fact occur. Morishima furthermore
posits that technical change be neutral in the sense of leaving values
(A1, Ap) unchanged. Morishima shows that such neutral technical
change necessarily implies a fall in the rate of profit when all depart-
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ment I sectors have equal organic compositions, and all department I1
sectors have equal organic compositions. The next proposition shows
this to be true in general.

THEOREM 4.7: Let capital-using, labor-saving (CU-LS), neutral tech-
nical change occur: Af = A}, Af = Ay, Lir = L, L= Ly, A = A*
Then 7* < 7.

This result, to say the least, is quite different from that of Theorem
4.6. In fact, we conclude: Neutral technical change is not viable! That
is, competitive capitalists will never introduce neutral technical
changes. Hence, the falling rate of profit of Theorem 4.7 is not very
interesting. It is on these grounds that Samuelson (1972, p. 68) chides
Morishima — the type of technical change the latter posits will never
occur in a profit-maximizing world where capitalists treat prices as
given.*

Proof of Theorem 4.7: Let M be the augmented input coefficient matrix
for the original technology and

pM = Ap (4.27)
Because values remain unchanged, we have
A= Aa +
o (4.28)
A= ApF + ¥

where a;, af are columns of A;, A¥. From (4.28) it follows that
I — IF = AMaF — a) (4.29)

Let M* be the augmented input coefficient matrix for the * technol-
ogy. Then

pm; = pja; + ppbl = pja; +

(4.30)
pm¥ = pai + I*
Hence
pm# — pm; = piaf — a;) + (¥ ~ k) (4.31)
Substituting from (4.29) into (4.31) yields
pmi — pm; = (p; — Ap(a¥ — ay) (4.32)

Now it is well known that p; > Ay, as long as 7 > 0, and we are given
aj* = a, (let us assume that technical change has taken place in sector ¢,
so that a# # a;). Then, from (4.32),

pm* > pm, (4.33)



100 Marxian economic theory

and so

pmt  pm (4.34)
i b
From this argument, it follows that pm#/p; > pm,/p; in all sectors
where technical change took place, and, of course, pmi¥/p; = pm, /p
in the others. Because A = pm;/(p:;) (Equation 4.27), it follows by
Theorem 4.14 that A* > X, where A* is the eigenvalue associated with
M* Hence m* < m. Q.E.D.

There is a third type of technical change that must be examined. It
is reasonable to inquire into the types of technical change that reduce
values of commodities — this, indeed, is what we might describe as
technical progress, that less of society’s available labor time must be
expended in the production of commodities. (A more precise discus-
sion of “progress” follows in Section 4.3.) We now summarize these
definitions of technical change:

DEFINITION 4.4: Technical change from initial technology {4, L} will

be called:

(@) Viable if and only if it is cost-reducing at initial prices (pA + L =
pA* + L¥)

(b) Progressive if and only if A* < A

(c) Neutral if and only if A* = A

(d) *Retrogressive if and only if A* = A

We next investigate the relationship among these types of technical
change. Let the technical change occur in the first sector, and be char-
acterized by a vector

S=(lF—bL,aff —an,0h —an, .. . ,aH — an)

Let p be the price vector augmented by the wage:

f’=(1,l71,l72,- .. )I’ﬂ)E(l,P>
and A be the value vector augmented thus:
A=(1A)

Then Theorem 4.8 follows.

THEOREM 4.8: The technical change described by 8 is
(¢) Viable if and only if p- 8 <0

() Neutral if and only if A - 8 = 0

(iii) Progressive if and only if A - 8 < 0
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Proof: (In this proof we cease distinguishing between A; and Ay. More
generally, we let A be the global input-output matrix, which is as-
sumed to be productive but not necessarily indecomposable. Thus
(I — A)™! exists and is nonnegative.)
Statement (z) is seen to be simply the definition of viability.
Statement (i) If the change is neutral, then

A=AA+L=AA* + L*
and so
AA — A%) + (L —L*) =0

from which A - 8 = 0 immediately follows.

A -8 =0 implies that AA + L = AA* + L* and so A = AA* +
L*, from which it follows that A = A*.

Statement (¢4¢): Define the transformation

T(A) = (AA* + L*) — A = L* — A(] — A%) (4.35)

If A-8 <0, then, by definition, T(A) < 0. Apply (I — A% to
(4.35), yielding

TA)YI — A*)™' = L¥(] — A%)' — A = A* — A (4.36)

Now (I — A*)7!is a nonnegative matrix, and thus the left-hand side
of (4.36) is a nonpositive vector. T(A)(I — A*)™? cannot be the zero
vector, because (I — A*)™! is invertible and T(A) # 0. Consequently,
T(A){I — A*)™! is nonpositive and nonzero, and so, by (4.36), A* < A
and the technical change is progresswe

Suppose that the change 8 is progressive but that A-8=0. By
statement (i) of the theorem, we must have A -+ 8 > 0. Now decrease
I¥ and the {a#} to new values If*, {a%*} and form a new vector

O = (I — L, af* —an, . . ., & — am)

such that A - * = 0. (This is clearly possible, because if lf* = af* =
0, we would have A - * < 0.) Thus, by statement (i), the change
described by 8** is neutral; however, 8** must certainly be progres-
sive, as it is a strict improvement in value terms over the change 8.
This contradiction proves the theorem. Q.E.D.

Theorem 4.8 enables us to characterize the different types of tech-
nical change in a convenient geometric way. For simplicity, let us con-
sider the case when there is only one commodity and labor, so that the
vector characterizing _technology is (L, a1;). In Figure 3, this vector is
drawn. The vectors A and p are appended to (/;, ay,); notice that p
will always lie above A as shown, because it is well known that p > A
for # > 0. A technical change & is depicted by appending the vector &
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Figure 3. Viable and progressive technical changes from initial technology
0 {l, an).

at origin O as well. By Theorem 4.8, a change 8 is progressive if and
only if it lies below the line AA’ orthogonal to A; it is viable if and only
if it lies below the line BB’ orthogonal to p; and it is neutral if and only
if it lies on the line AA’. (Furthermore, it is easily seen to be retrogres-
sive if and only if it lies above AA’.)

Examine the four quadrants of technical change (with origin O)
that can occur. It is clear that changes that are strictly resource-saving
(quadrant III) are always viable and progressive, and changes that are
resource-using (quadrant I) are always retrogressive and nonviable.
Quadrants II and IV are the only interesting changes, and we have
the following theorem.

THEOREM 4.9
(7)) All CU-LS (quadrant II) technical changes that are viable are

progressive; but there are CU-LS progressive changes that are
not viable.
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(%) All CS-LU (quadrant 1V) technical changes that are progressive
are viable; but there are CS-LU changes that are viable but not
progressive.

This theorem is clearly true from Figure 3 in the two-dimensional
case; the proof for the general case follows.

Proof: [We prove only part (). Part (i) of Theorem 4.9 is identical and
requires no separate proof.] 8 is CU-LS means that

8= (_80’81’ L | 8”)
where §; = 0. Because 8 is viable,
p-8<0
and thus
Y pidi < 8
1

Hence
m m
2 )\,8, < 2 piﬁi < 80 (because )\i < b Vl)
1 1

and so A - 8 < 0, which demonstrates that 8 is progressive.
To show that there are CU-LS progressive changes that are not
viable, it is only necessary to construct a vector 8 such that

3 Mﬁi < 80 and X pisi > 80

Because it is required that 8; = 0 V¢, this is easily done using the fact
that p; > A, Q.E.D.

Thus, if cost-reducing innovations that are developed are CU-LS,
then we are guaranteed that retrogressive changes will never be intro-
duced. To this extent, the invisible hand operates. There remain,
however, some progressive (socially desirable) CU-LS innovations
that will not be introduced; and if we discard the assumption of
CU-LS changes, we have the perverse situation that capitalists may
introduce retrogressive changes (which lie in the cone A’OB’).

An economic motivation for the viability of changes in quadrants 11
and IV can be seen by thinking of the real wage bundle as variable
and decreasing it to the zero bundle. We hold the technology fixed. In
this case the profit rate 7 increases to a maximum value, which is a
function of the dominant eigenvalue of matrix A. As m increases, the
vector p travels up the line 1M, becoming vertical in the limit, and its
orthogonal line BB’ approaches the horizontal. (As 7 decreases to
zero, p moves down 1M, becoming coincidental with the Aatm = 0.)
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Table 16
T
e Increases Decreases
Increases 8 €A4'0B 8 €408
Decreases 8 € A'0OB’ 8 € A0B’

Let 8 be any CU-LS progressive change; it is seen by the above argu-
ment that & will be viable only (i.e., below line BB’) for profit rates suf-
ficiently small. Let 8, now, be any CS—-LU (quadrant I1V) change; it is
seen that 8 will be viable only for profit rates sufficiently large. Think-
ing of the profit rate as a price of capital makes economic sense of
this — i.e., the capital-using changes are adopted only if capital is suf-
ficiently cheap, and labor-using changes are adopted only if labor is
sufficiently cheap. We see from this argument (and Figure 3) that
neutral changes are the “least” feasible from among the class of
CU-LS progressive and neutral changes, as they are furthest away
from the viable set. Summarizing, we have Theorem 4.10:

THEOREM 4.10

(¢2) Let 8 be a CU-LS, progressive change. Then for sufficiently large
wage bundles b, 8 is viable. (Recall, however, that CU-LS neutral
changes are not viable at any positive profit rate.)

(¢) Let & be any CS—LU change. Then for sufficiently small wage
bundles b, 8 is viable.

The proof of Theorem 4.10 is a straightforward continuity argu-
ment and has been spelled out in its essentials in the preceding para-
graph.

This analysis is easily related to questions of the falling rate of prof-
it. It has been established that viable changes increase the profit rate;
thus, there are retrogressive changes (quadrant IV) that increase the
profit rate. The obverse to this statement applies to quadrant II:
There are socially desirable (progressive) changes that decrease the
rate of profit. We can easily show the relationship between the
changes in the rate of profit and rate of exploitation induced by tech-
nical innovation, as is summarized in Table 1.

Thus, there is no necessary relationship between innovation-
induced changes in the two classical Marxian variables, 7 and e. In
particular, even among the class of viable changes, the rate of exploi-
tation may rise or fall. All viable changes that are CU-LS, however,
increase the rate of exploitation (Theorem 4.9).
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An important remark concerning Theorem 4.10 must now be
made. A major insight of neoclassical economics is that competition,
in suitably tranquil environments, leads to socially desirable out-
comes. In particular, competitively generated technical innovations
should be socially desirable. According to Theorem 4.10, this is not
necessarily the case. What is wrong? The answer is that the Marxian
equal-profit-rate equilibrium prices, p, are not the neoclassical com-
petitive prices, unless 7+ = (. (Under constant returns to scale, profits
must be zero for prices to be neoclassical competitive equilibrium
prices.) When 7 = 0, the Marxian prices are equal to labor values,
and it is then true that competitive innovations are socially desirable.
Or, as we see in the next section, if the profit rate is equal to the
growth rate then viable and progressive changes coincide.

44 Progressive and viable technical change in
steady-state growth

In the stationary state, the criterion for socially desirable technical
change is the labor-value criterion of progressivity of Section 4.3.
However, in the case of steady-state growth, the rational “prices” to
use in choosing the optimal production technique are what have been
called “synchronized labor costs”: We compound dated labor by the
growth factor (see Definition 4.5 below). This has been shown by von
Weizsicker and Samuelson (1971) and Wolfstetter (1973). In chis sec-
tion, we extend Theorem 4.9 to the case of steady-state growth, using
synchronized labor costs.

DerFINITION 4.5: The vector of synchronized labor costs at growth rate
g for technology {A, L} is A(g) = (1 + g)L[I — (1 + gA]™.

DEFINITION 4.6: An innovation {4, L] — [A*, L*} is progressive at
growth rate g if A*(g) = A(g).

THEOREM 4.11: If 7 > g, then:

() All CU-LS technical changes that are viable are progressive at
rate g; but there are CU-LS changes that are progressive at rate g
and not viable.

(iz) All CS-LU technical changes that are progressive at rate g are
viable; but there are CS-LU changes that are viable but not pro-
gressive at rate g.

Proof: (As in Theorem 4.9, it is sufficient to prove part (i), as the sec-
ond statement follows with like reasoning.)
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Let {A, L} = {A*, L*} be a viable change such that A* = A, L* < L.
By viability,
pA* + L* = pA + L
Notice that p = A(m); because 7 > g p= A(7) = A(g). Because
A*¥ — A = 0, it follows that
A(g)(A* — A) + L* < p(A* — A) + L¥ < L
or
A(g)A* + L* = A(ggA + L
and hence
(1 + g [A(g)A* + L*] = (1 + g) [A(®A + L] = A(g) (4.37)

Define T(v) = (1 + g) [vA* + L*] — v for row vectors v; by defini-
tion of T, (4.37) can be written

TA(g)l =0
Observe that

Tv) [I = (1 + 9A*] = A¥(@g) — v
from which it follows that

TIA@II — (1 + g A*]™! = A*(g) — A(g) (4.38)
Because T[A(g)]=0 and [I — (1 + gA*]"' = 0, it immediately
follows that the left-hand side of (4.38) is nonpositive, and so

A*(g) = A(g)

Moreover, it is known that T[A(g)] # 0; because [I — (1 + g)A*]'is
obviously invertible, it follows that A*(g) # A(g) and hence A*(g) =
Ag).

To prove that there are CU-LS progressive changes at rate g that
are not viable, we must generalize Theorem 4.8 to the case of syn-
chronized labor costs.

THEOREM 4.12: The technical change described by 8 is
(!) Neutral at rate g if and only if f\(g) -8=0

(#Z) Progressive at rate g if and only if Al -8<0
[Note: As before, A(g) = (1, A(g)).]

Proof of Theorem 4.12
(¢) Neutrality at rate g means that A(g) = A*(g), which implies that
(1 + 9[A@@A + L] = (1 + g [A(g)A* + L*], which implies that
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Alg) -6 =0. Conversely, Ag) - 6 = 0 implies that A(g)A* +
L* = A(@)A + L and so A(g) = (1 + 9[A@A + L] = (1 + g)
[A(g)A* + L*] Inverting this last equation gives A(g) = (1 +
gL* [I — (1 + g)A*]™", which means that A(g) = A*(g).
(31) Suppose that Ag) - & < 0. Then (1 + g)A(g) - & < 0, which im-
plies that
(1 + g [A(@A* + L¥] = (1 + ) [A(@)A + L] = A(g) (4.39)

But (4.39) is identical to (4.37); hence, it follows by the argument
above that A*(g) = A(g) and 8 is progressive.

Conversely, suppose that A(g) - 8 = 0and 8 is progressive at rate g.
Following the proof of Theorem 4.8, a contradiction is arrived at,
using statement (i) above. Q.E.D.

The characterization of progressive changes & as those such that
A(g) - 8 < 0 allows us to construct CU-LS progressive changes at
rate g that are not viable. It is only necessary to produce a vector 8 =

(=8, 81, . . ., 8, 8 = 0, such that
S Mlg) 8 <8 and Y pdi > 8
1 1

Because A(g) = A(w) = p (because g < 7 and A(g) is an increasing
vector-valued function of g), such a change & is easily con-
structed. Q.E.D.

4.5 Summary

It has been shown that an evaluation of the falling rate of profit must
consider the effects of technical change on the price rate of profit, not
simply the value rate of profit, as the two rates can move in different
directions as a consequence of technical innovation. There are two
interesting types of technical change to consider: viable ones, which
are the only kind capitalists will introduce; and progressive ones,
which simultaneously reduce the labor values of all commodities.

Under the assumption of a stationary state, the implications of the
above propositions may be summed up as follows:

1. In a competitive economy, the rate of profit will not fall due to
technical change alone.

2. If technical innovations are capital-using and labor-saving, then
those that are introduced by capitalists are also socially desirable; if
innovations are not CU-LS, they may be at once competitively in-
troduced and socially undesirable.
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3. In a market socialist economy, the rate of profit may fall as a conse-
quence of a rational (socially desirable) technical change.

The market socialist economy works like this: Central planners im-

pose progressive technical changes, and then allow the market to

equilibrate prices and profit rate. The falling rate of profit afflicts cer-

tain Lange-type economies but not capitalist ones.

If the economy is not in stationary state, but in steady-state growth
at positive rate g, the same qualitative results hold, as long as the rate
of growth is not equal to the profit rate. If 7 > g, then competitive
prices will differ from synchronized labor costs; capitalists will make
decisions about innovations based on prices, whereas rational
planners would minimize the synchronized labor costs. The three
conclusions above hold as long as 7 > g. Only in the golden age case
g = m, where capitalists dispose of all surplus products in just such a
way as to employ the growing labor force and feed all the workers
what they need, does the dichotomy between the two pricing systems
disappear.

Clearly, then, the fact that the profit rate rises due to competitively
introduced innovations does not vindicate the price mechanism, if we
adopt the criterion of progressiveness (at growth rate zero or g > 0)
as the measure of social improvements.

Finally, it should be emphasized that changes in the subsistence
vector b resulting from technological “progress,” class struggle, and
the growth of the reserve army have not been taken into account.
When this, and the various deviations from the ideal model posited
here are considered, the story becomes less definitive. What has been
shown here is that if the rate of profit does fall under competitive cap-
italism, it must be due to an increase in the real wage. Further discus-
sion of this question is pursued in Chapter 6.

As a historical remark, it is worth observing that Marx appeared to
have in mind the process that has been modeled here. His description
of the relationship between the rate of profit and technical change
reads:

No capitalist ever voluntarily introduces a new method of
production, no matter how much more productive it may be,
and how much it may increase the rate of surplus-value, so
long as it reduces the rate of profit. Yet every such new
method of production cheapens the commodities. Hence, the
capitalist sells them originally above their prices of produc-
tion, or, perhaps, above their value. He pockets the difference
between their costs of production and the market-prices of
the same commodities produced at higher costs of produc-
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tion. He can do this, because the average labour-time re-
quired socially for the production of these latter commodities
is higher than the labour-time required for the new methods
of production. His method of production stands above the so-
cial average. But competition makes it general and subject to
the general law. There follows a fall in the rate of profit —
perhaps first in this sphere of production, and eventually it
achieves a balance with the rest — which is, therefore, wholly
independent of the will of the capitalist [Marx, 1966, p. 264].

Notice that the first sentence in this quotation states that technical
changes are introduced only if they are cost-reducing at current
prices. The second, third, and fourth sentences state that in the dis-
equilibrium situation thus created, the capitalist reaps superprofits, a
higher profit rate than is made in other sectors. In the fifth and sixth
sentences, Marx states that the new technique is in fact progressive, an
insight that we have shown is true under the assumption that innova-
tions are CU-LS. The seventh sentence points out that eventually,
through competition, a new equilibrium is established. And, finally,
the transitory rate of profit falls to achieve a new equilibrium. It is not
clear in this passage whether Marx expected the new rate of profit 7*
to be less than the original 7. On this point Marx is ambivalent. Final-
ly, one might note that the mathematical heart of the correct argu-
ment, the Frobenius-Perron theorem, was not discovered until a gen-
eration after Marx’s death.

As was discussed in the opening section of this chapter, it is hoped
that students of the falling-rate-of-profit mechanism of Marx will not
concentrate on the fallacy of Marx’s particular theory, but on the in-
sight of his general project: to locate a tendency for crisis in the nature
of the economic relations between people (i.e., the mode of produc-
tion), not in natural phenomena. In any case, it would be a great fal-
lacy to make a theory of the eventual demise of capitalism rest on any
theory of the falling rate of profit. It is hoped that one effect of the
argument presented here will be to rectify the “economist” position of
many Marxists that socialism necessarily follows from capitalist crisis,
which necessarily follows from the decline in the rate of profit. Social
revolution depends on processes much more political and intricate
than enter into the usual discussions of the falling rate of profit.
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Appendix: Frobenius-Perron eigenvalue
theorems

In this appendix, the key theorems used in this chapter are quoted.

THEOREM 4.13 (Frobenius—Perron): Let A be an indecomposable,
nonnegative matrix. Then A possesses a unique nonnegative eigen-
vector X (up to a scalar), and its associated eigenvalue, X, is positive
(and real). Furthermore, x > 0. \ is called the Frobenius root of A. If
A* = A, then \* > \. \ is a continuous function of A.

Proof of this theorem may be found in many sources, for example,
Schwartz (1961).

THEOREM 4.14: Let A be nonnegative, indecomposable and A its Fro-
benius root. Let z > 0. Then either

@) minM <A< maxM
i Zi i Zi
or
A
(i1) min (Az), = A = max (Az),
i Zg [ Zg

Proof: Case (if) clearly occurs if and only if z is the associated eigen-
vector of A. So assuming that this is not the case, we must show that
case (1) holds.

Suppose that

Az < Az (4.40)

Now it is easy to show (see, for instance, Schwartz, 1961) that A’ (the
transpose of A) has the same Frobenius root as A. Hence, there exists
a positive row vector y such that

yA = Ay (4.41)
Premultiplication of (4.40) by y yields

yAz < \yz (4.42)
On the other hand, post-multiplication of (4.41) by z yields

yAz = \yz (4.43)
(4.43) contradicts (4.42); hence, (4.40) cannot hold.
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In like manner, it can be shown that
Az = Az (4.44)
cannot hold.

But the impossibility of (4.40) and (4.44) are equivalent to the
impossibility of

vz 8y (4.40")
%
and
A= (A—:)—‘ Vi (4.44")

From the impossibility of (4.40") follows

(Az),
max
1 z;

> A

and from the impossibility of (4.44"),

min “Az), <A QED.
1 24

THEOREM 4.15 (Morishima—Seton): Let

_ (A Au)
M (bL[ bLn

be the augmented input coefficient matrix. Then M possesses an
eigenvalue and a positive column eigenvector y: My = Ay. Further-
more,

1

A=
1+

where 7 is the competitive rate of profit, and the formula

- —LS ’

TT¢- y+V:.y
holds, where C, V, S are the vectors of constant capital, variable capi-
tal, and surplus value per unit of the various commodities, respec-
tively. That is, G, V, and S are row vectors defined by:

C = (AA1, AAw

V = (AybLy, AybLy)

S = ((1 = Ayb)Ly, (1 — Ayb)Ly)

For proof of this theorem, see Morishima (1973, Chapter 6).



5 Continuing controversy on
the falling rate of profit:
fixed capital and other issues

5.1 The need for microfoundations: methodology

For the most part, discussion of the Marxian falling rate of profit
(FRP) theory is marked by lack of attention to microeconomic detail.
Precisely, how do the anarchic actions of atomistic capitals give rise to
a falling rate of profit? Marx’s discussion of this issue in Capital, Vol-
ume III, was formulated in a microeconomic way, as we pointed out
in the last chapter. Briefly, the profit-maximizing urge of capitalists
directs them to replace workers with machinery, which raises the
organic composition of capital, which lowers (or produces a tendency
to lower) the profit rate. Whether or not this argument is correct, it
must be admitted that it is microeconomic in this sense: It claims to
deduce a macroeconomic phenomenon, itself quite beyond the ability
of any individual capitalist to realize, from the anarchic (competitive)
behavior of atomized economic units. This type of economic rea-
soning, of deducing aggregate economic effects from the behavior of
individual economic units, was employed by economists of all ideolog-
ical bents in the nineteenth century. It is, indeed, one of the hallmarks
of why Marxism is scientific socialism. The outcome of socialism (and
of capitalist crisis) was argued, by Marx and Engels, not to be a uto-
pian solution (and crisis fortuitous), but the predictable outcome of
social forces that eventually were reducible to the actions of individu-
als and classes of individuals. That Marx determined individual
behavior as a consequence of the social context and imperatives, while
the neoclassical school postulated a hegemonic, ahistorical position
for the individual, in no way weakens the claim that Marx’s theory
possesses a microeconomic foundation.

Weaknesses have been pointed out in Marx’s FRP theory by various
authors, presented originally in a formal way in the theorem of Oki-
shio (1961) discussed in Chapter 4. The argument is briefly this: If
capitalists introduce technical innovation when and only when it is
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cost-reducing, then the equilibrium rate of profit will rise, in a situa-
tion when prices are determined by competition and the real wage
does remain fixed. Although the real wage in fact does not remain
fixed, the problem has been to understand whether a FRP can be con-
strued to be due to technical innovation itself, independent of
changes in the real wage.

Responses to this claim, of Okishio and others, have been of three
types. These are, first, what Fine and Harris (1976) call fundamental-
ist positions on FRP. These consist, essentially, of postulating FRP as
part of the definition of capital. Somehow, FRP is inherent in capital,
hence the proposition is not a proposition, is not falsifiable. Although
this position may have been adopted as an invincible counter to cri-
tiques of the theory, it renders the theory completely uninteresting
and powerless. Second are empirical discussions of whether or not the
organic composition of capital is indeed rising. Although this sort of
investigation may be useful, it does not bear upon the theoretical issue
of whether or not the rate of profit falls due to technical change. That
is, either such investigation will be consistent with the Okishio conclu-
sion, or it will not be; in the latter case, it would show the need for a
different microeconomic argument of capitalist technical innovation;
it would not, however, show Okishio’s argument to be wrong. The
empirical investigations, then, are certainly necessary, but they cannot
provide refutation of a theory. To some extent, they appear to be car-
ried out without sufficient consciousness of the microeconomic argu-
ments that exist. That is, if one believes Okishio’s model, then there is
no increase possible in the organic composition of capital so great as
to reduce the rate of profit. What, then, is the point of tracking the
organic composition, unless one first consciously questions the postu-
lates of the Okishio model? Third are arguments that argue for FRP,
against the Okishio model, but on the same analytical level; that is, by
postulating microeconomic behavior of capitalist technical innovation
that will (may) lend to a falling rate of profit. Papers that contain ele-
ments of this position are Persky and Alberro (1978), Shaikh (1978a,
1978b) and Fine and Harris (1976). One common claim of these argu-
ments is that if one takes fixed capital into account, as Okishio did not,
then the rate of profit can be shown to fall (always, ceteris paribus,
independent of wage changes).

It is the intent of this chapter to examine more carefully the micro-
economic foundations of the rising-rate-of-profit position. In a word,
the conclusion is this: Capitalist technical innovation, even in the pres-
ence of fixed capital, will produce a rising rate of profit, ceteris paribus.
(As in all discussions of this type the ceteris paribus assumption includes
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real wages and realization of surplus value.) It is imperative to empha-
size from the outset what this conclusion does not claim. First, it does
not say that the rate of profit does not fall. If one includes as part of a
theory of technical change how the real wage responds to innovation,
the rate of profit can be shown systematically to fall, under various
realistic hypotheses. (See Chapter 6.) Second, it does not say there
cannot exist a microeconomic theory of FRP: It says, more narrowly,
that the usual competitive assumptions do not produce such a theory.
[Indeed, Persky and Alberro (1978) put forth a theory of FRP, with
microeconomic foundations.]

Because the technique of exploring the “micro foundations” of eco-
nomic behavior may seem to many Marxists to be a neoclassical (and
hence forbidden) methodology, it should be emphasized that this is
not the case. Indeed, this approach is one of the attributes of Marxist
analysis that render it scientific and not utopian. To put this point a
little differently, an avoidance of microeconomic analysis can lead to
functionalism. If one does not investigate the mechanism by which
decisions are made and actions carried out, one can too easily fall into
the error of claiming that what is good or necessary for the preserva-
tion of the economic order comes to prevail. Or, somewhat per-
versely, whatever is necessary for the demise of the system — such
as a falling rate of profit — must come to prevail. This latter sort of
functionalism serves the end of justifying the demise of the capitalist
mode of production, which is viewed as historically necessary. The
sort of fundamentalism that this chapter criticizes takes the study of
capitalism back to the level of Marx’s utopian predecessors.

5.2 Miscellaneous arguments against Okishio’s theorem

In this section, various arguments that have been advanced in reply to
Okishio’s argument against a FRP are discussed. For this purpose, a
pure circulating capital model is sufficient. In the next section,
problems peculiar to models with fixed capital are discussed.

Okishio’s theorem

A brief review of Okishio’s theorem is appropriate. The original ref-
erence is Okishio (1961); a more general treatment is in Chapter 4.
We posit a pure circulating “capital” model, where
A is the n X n input matrix
L is the n row vector of direct labor coethicients in worker days
b is the n column vector that is the worker’s daily subsistence
bundle
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7 is the equilibrium rate of profit
p is the n row vector of prices of production
The equations that specify equilibrium in the model are

p=(1+mpA+L (5.1)
1 =pb (5.2)

where the daily wage is taken as unity. These can be written as

T+ -P=PM (5.3)
where M = A + bL. M is the input-output matrix obtained by
viewing all commodities as being produced by commodities, the aug-
mented input coefficient matrix. If M is a productive matrix, then a
positive solution 7 and nonnegative solution p exist to (5.3); if M is in
addition indecomposable, then (7, p) is uniquely determined. (This is
a consequence of the Frobenius—Perron theorems.)

Suppose, now, that we are in such an equilibrium, and a technical
innovation appears, which can be characterized as a new column A%
for the matrix A, and a new coefficient L*. We say the innovation
(A, L¥) is viable if capitalists can cut costs, at current equilibrium
prices, by using it; that is, if and only if:

pA¥ + ¥ < pAi + L (5.4)

If and only if the innovation is viable, it will be introduced. After its
introduction there will, for the time being, be a higher rate of profit
earned by the innovators in sector i eventually, through entry and
price cutting, a new equilibrium will be arrived at which we call
(%, p*):
p* = (1 + m*)(p*A* + L*) (5.5)
p*b = 1 (5.6)

where A* is the old matrix A with column A’ replaced by the innova-
tion A*, and similarly for L*. Notice the real wage b is assumed to re-
main constant. Question: Can we say anything about the relative sizes
of w* and #? Answer: 7* will be greater than , if M is indecom-
posable. (If M is decomposable, #* may equal 7.) This, in brief, is the
crucial argument: Viable technical changes at constant real wages
raise the equilibrium profit rate.

The maximum rate of profit

One of the arguments that has been advanced in an attempt to mollify
the impact of the above argument is that although the actual rate of
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profit rises, the maximal rate of profit falls. This position has been put
forth by Fine and Harris (1976) and Shaikh (1978a, 1978b) as signifi-
cant — the claim being that if the maximal rate of profit falls over time,
the system becomes more and more hemmed in, so to speak, and
crisis-prone. To quote Shaikh: “The proposition that mechanization
lowers the maximum rate of profit would appear to imply that sooner
or later the actual rate of profit must necessarily fall. And indeed this is
exactly how it has been interpreted by many Marxists. The basic logic
of Marx’s argument therefore, seems to emerge unscathed” (1978b,
p- 240). I will argue that the conclusions here do not follow from the
premises.

By the maximal rate of profit is meant the rate of profit that would
prevail under a given technology if the wage were reduced to zero;
that is, what return capitalists would get if they had no direct labor
costs. From our Equation 5.1, this is seen to be that number 7, such
that a price vector p exists such that:

p=(+apa (5.7)

That is, 1/(1 + ) is the eigenvalue of the matrix A. Let us demon-
strate very simply how the maximum rate of profit can fall with viable
technical innovation.

Suppose that an innovation (A, L) is capital-using and labor-
saving (CU-LS):

Alx = Al % < [}

All material input coefficients increase or stay the same, and direct
labor input decreases. This is the kind of technical change we think of
as being common. There certainly exist viable, CU-LS technical
changes. Clearly, with such innovations, A* = A. Because the maximal

rates of profit before and after the innovation are # and 7*, defined
by

is the eigenvalue of A
1+ 7 8

I+ 7 is the eigenvalue of A*
it follows immediately that #* <4, because it is well known
(Frobenius—Perron) that if A* = A, then the eigenvalue of A* is
greater than the eigenvalue of A. However, by Okishio’s thereom, the
actual rate of profit rises, as long as the change is viable: #* > 7.
Suppose, now, that we have an infinite sequence of such viable
CU-LS technical changes, one after the other. In each case the actual
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rate of profit must rise (always holding constant real wages b) and the
maximal rate of profit must fall. We have

m<M<P< << <F<FIC <P <R <

Certainly the {#‘} decrease, but they never cause the actual rate of
profit to fall. In particular, any actual rate of profit #* is a lower
bound for all maximal rates of profit {fr’}i=1,». In particular, the se-
quence of maximal rates of profit ' does not converge to zero, but
rather to some “large” positive number — large in the sense that it is
larger than any actual rate of profit the system ever achieved in the
hypothetical history.

Another writer who discusses the “falling maximal rate of profit”
phenomenon is Schefold (1976). It must be pointed out that Schefold
is careful not to draw any false inferences from his demonstration; it
is worth discussing here, however, for his mathematical model is suffi-
ciently complex that readers might think the falling maximal rate of
profit in that model does imply something about what happens to the
actual rate. Schefold’s model includes fixed capital. He demonstrates
that “mechanization” leads to a falling maximal rate of profit. By
“mechanization,” Schefold means a technical innovation that uses at
least the same amount of circulating capital (what he calls raw mate-
rials) as the old technique, an increased amount of fixed capital, and
less direct labor. Because, in computing the maximal rate of profit,
the direct labor has no impact since the wage is assumed to be zero, it
is obvious that if we increase fixed capital and do not decrease circu-
lating capital, the maximal rate of profit will fall. The economic intui-
tion remains the same as the one given above for the pure circulating
capital case, although the model with fixed capital is mathematically
more complex. Hence, the fall in the maximal rate of profit is of no
consequence for what happens to the actual rate.

Clearly, what does happen in the infinite history that has been pro-
posed is that the actual and maximal rates of profit get closer to each
other. As long as the real wage remains nonzero at b, however, the
two sequences cannot converge to the same limit. If, in addition, we
wish to allow the real wage to vary with technical changes, then the
actual rate of profit will not increase so fast, or may even decrease.
That is, suppose that b’ is the real wage bundle associated with the
technology (A*, L*)* extant at time ¢. Let us say that workers succeed
in raising the real wage with each viable innovation: b’ = b‘*™*. Then
we shall certainly have that the sequence {m*(b‘)} of actual rates of
profit (viewed as a function of the contemporary real wage) will in-
crease less fast than the sequence {m*(b)} would have; and we may
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even have {m*(b")} to be a decreasing sequence in periods when the
real wage rises sufficiently rapidly. In this case, of variable real wage,
the maximal rates of profit (which remain the same as before) become
even less “constraining” than they were before.

Another version of the falling maximal rate of profit theory is put
forth by Okishio (1977). Using the Marxian categories S, C, V, and L,
he observes:

S S+V L L

< = <=
c+Vv C+VvVv C+V C

value rate of profit = (5.8)
Hence, if L/C — 0 with technical change, then S/(C + V) must ap-
proach zero. In particular, L/C is an upper bound for the rate of
profit.

It may be intuitively pleasing to think of L/C approaching zero
under advanced mechanization. Recall, however, that the value of
constant capital, C, will get small if total direct labor L in the system
gets small. So mechanization does not necessarily mean that L/C — 0.
More to the point, however, there are no micro foundations for the
argument that L/C — 0. Note that $/(C + V) is a weighted harmonic
mean of the sectoral value rates of profit, where the weights are given
by a measure of the particular sector’s labor share in total labor
(Theorem 4.1). Hence L/C — 0 only if a rather special condition ob-
tains: that those sectors for which the value rate of profit does not ap-
proach zero are of vanishing significance in the economy! But regard-
less of whether L/C — 0 or not, we have shown that the price rate of
profit, , does not approach zero, but in fact increases, under the as-
sumption of a fixed real wage. Hence, under the fixed-wage assump-
tion, observations of the behavior of L/C are irrelevant for falling-
rate-of-profit concerns.

Hence, the inferences that are frequently drawn concerning the
actual rate of profit from the decrease in the maximal rate of profit
are without foundation.

Rising organic composition of capital arguments
These arguments go back to Marx. Briefly they are based on this:
S S/V e

P=C+v o c/vel C/v+i

If the organic composition of capital (OCC) C/V rises over time as a
consequence of technical change, then, “all other things being equal,”
p, the value of rate profit, falls. The argument is fallacious, under the
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assumption that the real wage remains fixed, because in that case ¢ will
always rise sufficiently to more than offset the rise in C/V, under the
competitive scenario we are assuming. (Actually, the value rate of
profit may fall as a consequence of viable technical changes, although
the price rate of profit will never fall. Furthermore, because the price
rate of profit is always an average of the sectoral value rates of profit,
it is clear that the value rates of profit cannot fall too much; this was
discussed in Chapter 4.)

It should probably be reiterated that I am not opposed to mea-
suring the OCC over time — precisely because whether or not the rate
of profit has fallen is an empirical question, as it rests entirely on the
relation between technological change and the rate of change of the
wage. We can, of course, put forth theories of the relation between
technical change and changing real wages and examine the conse-
quences for the rate of profit. Verification of such theories must be
empirical. But the argument here is addressed to those who conclude
that technical change itself (that is, in the absence of real wage
change) can bring about a falling rate of profit in consequence of a
rising OCC. There is no reason to examine the OCC either to demon-
strate such an argument or to rebut it, unless one questions the com-
petitive, cost-cutting theory of technical innovation.

5.3 The rising rate of profit with fixed capital:
a special case

Shaikh (1978b) has claimed that in a model with fixed capital, the rate
of profit may fall due to rational, competitive capitalist innovation.
Because the version of Okishio’s theorem that is appropriate to the
case of fixed capital does not appear in the literature, it is appropriate
to present such a theorem here. In this section a special case of a
fixed-capital model is presented; it is assumed that there are no joint
products, and that all fixed capital lasts forever. (These assumptions
are related: Because fixed capital does not wear out, it does not have
to be considered a joint product of a process in which it is used. The
only process that “produces” an item of fixed capital is the one that
manufactures it originally.) In the next section, we treat the general
problem of fixed capital by examining the von Neumann model.
However, it is worthwhile to treat the special case of nondepreciating
fixed capital first, for several reasons: (1) It appears as a straightfor-
ward generalization of the pure circulating capital model, and the
economic ideas embedded in the equations are therefore quite trans-
parent; and (2) it is the polar opposite of the pure circulating capital
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case. That is, if the rate of profit can be shown to rise as a consequence
of technical innovation in a model when fixed capital lasts forever, a
Sfortiori it should rise when fixed capital wears out, this latter case being
in some sense an average between the two polar cases.

Production, as before, consists of n processes producing n commod-
ities. We define:

A is the n X n input matrix of circulating capital coefficients

L is the n row vector of direct labor coefficients

b is the n column vector of worker’s subsistence

® is the » X n input matrix of fixed capital coefficients
In this case, the capital inputs into process i consist of a column A’ of
inputs which are consumed in the process, and a column ®* that are
used but not consumed. Notice no distinction has been made in la-
beling “fixed capital” goods and “circulating capital” goods and “con-
sumption” goods. In general, we would therefore expect many com-
ponents of A' and @' to be zero. [This formulation of the fixed capital
model is due, first, to Schwartz (1961).]

What is the equilibrium price vector p and profit rate 7 in this
model? Itis that pair (p, ) which makes the present discounted value
(PDV) of the revenue stream, from operating each process at unit
level, equal to zero. That is,

®p—(pA+L
—(pcb+pA+L)+21';(l(P;;T)=o (5.9)

Let us consider one component of this matrix equation (5.9) ob-
tained by examining process i. The first term, — (p®* + pA’ + LY, is
the cost incurred in the first period of operation, when fixed capital to
operate the process must be purchased (p®') as well as circulating
capital (pAf + LY). There is no revenue in the first period, because
output appears only in the second period. In the second period, gross
revenue is p', from selling the output made last period, and gross costs
are the circulating capital laid out for next period, (pA! + Lf). There
is no fixed capital cost, as the fixed capital set up in the first period
works forever. For all subsequent periods, net revenue is [p' —
(pA* + L") ]; hence Equation 5.9.
Using the identity

it I LS |
§(1+Tr) _;

we can rewrite (5.9) as

p=ap®P + (1 + a)(pA + L) (5.10)
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from which the economic interpretation is clear. In equilibrium, price
consists of three components: costs of materials used (pA + L), the
markup on materials used w(pA + L), and the markup on fixed capi-
tal used #p®. There are no costs in consuming fixed capital, because
depreciated over its infinite lifetime, zero fixed capital is used up each
period. Equation 5.10 is, therefore, the straightforward general-
ization of Equation 5.1.

Now suppose that an innovation appears in sector ¢ — that is, a new
technique (@™, A, L*). What is the capitalists’ innovation criterion?
They will adopt it if at current prices and rate of return 7, the stream
of discounted net revenues, is positive with the new technique. That
is, the rational capitalist treating prices as given, adopts the new tech-
nique if and only if:

® Pi —_ (PAi* + Li*)

—(p®¥ + pA™ + Li¥) + D >0 (5.11)
- (1 +mt
This is equivalent to
p' > ap®™* + (1 + m)(pA* + L*) (5.12)

If (5.12) holds, and the innovation is adopted, a new equilibrium
(p*, #*) must be reached under the new technique (®*, A*, L*),
which consists of the old technique (®, A, L) with column ¢ replaced
with the innovation (®'*, A, L'*). The generalization of Okishio’s
theorem becomes as follows:

THEOREM 5.1: Let (p, @) be the equilibrium for technique (®, A, L),
satisfying:

p=mp® + (1 + m)}pA +1L)

1 =pb (5.10)
Let an innovation satisfy Inequality 5.12. Then, if (p*, #*) is the new
equilibrium,

p* = wrp*d + (1 + a¥)(p*A* + L¥)

1 = p*b (5.13)

it follows that * > 7, where ® is the matrix ® with column i replaced

by @*. (It is assumed that the matrix A* + bL* + ® is indecompos-
able.)

Proof: 1t is not proved here that a unique equilibrium exists. That is a
consequence of the Frobenius theorem in the usual way.
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Let M = A + bL be the augmented circulating input coefficient
matrix. Then (5.10) can be rewritten as

P = pIM + n(M + ®)] (5.10")

Similarly, let M* = A* + bL*, where the matrix A* (and vector L¥*)
are obtained, recall, by replacing the ith column (component) of A(L)
with A (L),

According to (5.10) and (5.12), we have

b > pIM™ + a(M** + &)]
by = p[M#* + m(M* + (i)f)] forj # i (5.14)

Consider the matrix [M* + #(M* + Ci>)] = Q(m). According to
(5.14), p is a nonnegative vector that has the property

P = pfin)

It is well known that the existence of such a nonnegative vector im-
plies that the Frobenius eigenvalue of () is smaller than unity (Fro-
benius theorem). It is also well known that increasing the components
of Q(m) will increase the matrix’s Frobenius eigenvalue; this follows
because M* + @ is indecomposable, and therefore so is M* +
#(M* + ®). Hence, increasing #, which increases the components of
Q(m), eventually produces a matrix Q(z*) with eigenvalue of unity,
because an equilibrium exists. For #*, there exists a positive eigen-
vector p* such that:

p* = p*Q(7¥) (5.15)

But (5.15) is equivalent to (5.13). It has been shown that #* >
7. QE.D.

It is now necessary to remark on Shaikh’s (1978b) observation that
in the presence of fixed capital the equilibrium rate of profit may fall,
a statement which is incompatible with Theorem 5.1. Shaikh main-
tains that under a Marxian criterion, capitalists simply evaluate
whether the new technique permits lower circulating costs of produc-
tion than the old one. If so, they innovate. Shaikh defines the profit
margin as the ratio of profits to circulating capital (including deprecia-
tion), and the profit rate as the ratio of profits to total capital advanced.
He tries to rescue the FRP theory by claiming that competitive innova-
tions will, indeed, cause the profit margin to rise, but the profit rate
will fall if large amounts of fixed capital are involved. But the crite-
rion of innovation with which Shaikh burdens his capitalists is com-
pletely irrational and ad hoc: they ignore the costs of fixed capital (ex-
cept for depreciation)! Any capitalist considering an innovation that
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involves fixed capital must amortize the costs of fixed capital, as the
procedure of Theorem 5.1 requires him to do. Capital costs are real
costs: They take the form of interest payments. Shaikh’s invented cri-
terion is not a competitive one.

To reject the procedure of Theorem 5.1 is precisely equivalent to
rejecting that Equation 5.10 captures the correct notion of equilib-
rium prices and profit rate in a model with fixed capital. Thus, ad-
herents to Shaikh’s position must confront Equation 5.10 and pro-
pose an alternative notion of equilibrium prices in the presence of
fixed capital.

A final note should be appended to this argument. Saying that capi-
talists seek to maximize the internal rate of return is not tautologically
the same as saying the general rate of profit increases in the economy.
A theorem is required to prove this (Theorem 5.1). Maximizing the
internal rate of return is the relevant notion of cutting costs in the
fixed capital model. Hence, it is not being said that the economy natu-
rally gravitates to the furthest wage—profit curve “because it’s there”;
rather, that competitive cost cutting pushes the economy to the fron-
tier.

It is appropriate at this juncture to mention the interesting paper of
Persky and Alberro (1978). Suppose that an innovation appears,
which should be introduced, according to Inequality 5.12. The new
rate of return is #r*. Then, two years later, another innovation ap-
pears, which is again profitable to introduce, even considering that the
two-year-old machines must be scrapped. (The new innovation yields
an equilibrium profit rate #** > sr*) But then the actual rate of re-
turn for the two-year period in which the first innovation operated
was considerably less than #*, for the infinite stream of positive net
revenues never materialized. In this way, we see how a sequence of in-
novations can occur, each one of which will be adopted as it leads to a
higher expected rate of return; but then, due to the truncated lifetimes
of these innovations because of the unforeseen obsolescence, the
actual rate of return falls. The most extreme case is when the innova-
tions occur every year, so the capitalist is every period incurring the
large costs of new fixed capital, and receiving only the small revenue
of last period’s output. A rising expected profit rate is, therefore, con-
sistent with a falling actual profit rate.

This is, indeed, a theory of the falling rate of profit with microfoun-
dations. It depends, however, on an assumption that is of dubious
validity: that there is a series of unforeseen technical innovations. Capi-
talists are, for some reason, consistently underestimating the speed of
technical progress. It is certainly possible that this may happen for a
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short period, but after a while capitalists will adjust their expectations,
and assume that innovations will occur at a reasonable rate. Mathe-
matically, this takes the form of truncating the expected economic
lifetime of a technique. They will, for instance, not sum 2§ in Inequal-
ity 5.12, but 2§, say; they will demand that an innovation pay for itself
at the going rate of return in five years to pass the test for adoption.
Furthermore, when most innovations today come from huge R&D
labs, and are the result of planned and concerted development on a
mass scale, it is reasonable to suppose that capitalists can forecast quite
accurately the speed of innovation.

The Persky-Alberro proposal, then, does provide a story of a fall-
ing rate of profit. At best, it seems to work only for a short period; it
cannot support a secular falling rate of profit. It depends on an unan-
ticipated rate of technical change. It may be convenient to say that the
anarchy of capitalist production is captured in this unanticipated rate
of innovation; it seems more realistic, however, to believe that capital-
ists are not caught unaware for long, especially given the institutional
environment for successful technical development today.

5.4 The general case of fixed capital: the von Neumann model

In the previous section, a special model of fixed capital was consid-
ered where all fixed capital lasts forever, and there is no joint produc-
tion. In this section, we treat the general von Neumann model, where
fixed capital can wear out at different rates, joint production occurs,
and production processes can have different periods of production. It
will be our aim to examine what happens to the rate of profit follow-
ing the introduction of a cost-reducing technical change, with the real
wage, as always, fixed.

To review the von Neumann model, there are n commodities, and
m processes, each of which uses some inputs and labor and produces
some outputs. We represent the technology by a set {B, A, L, b},
where

B is an n X m matrix of output coefficients

A is an n X m matrix of input coetficients

L is an m-row vector of direct labor inputs

b is an n-column vector of subsistence wage
The ith column B? and A of the matrices B and A give the outputs
and inputs of operating process i at unit level. We call M = A + bL
the augmented input coefficient matrix, and refer to the technology
from now on as {B, M}. Recall that old machines are joint products
themselves, which is why the joint-product framework is so conve-
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nient for analyzing the general model with fixed capital. [For a more
complete discussion of fixed capital as a joint product see, for in-
stance, Morishima (1969, chap. 6).]

An equilibrium price vector and profit rate (p, ) must satisfy

pB = (1 + mpM (5.16)

We shall call the von Neumann profit rate the minimum 7 for which
there exists a price vector p = 0 satisfying (5.16). (This is, however,
not a sufficient characterization of what constitutes an equilibrium, as
will be discussed in the following section.)

An example: fixed capital that lasts forever

It may be useful, in making the transition from the special case of Sec-
tion 5.3 to the general formulation of fixed capital here, to show how
the case of the previous section looks if modeled in the von Neumann
way. To this end, assume that we have a technology in which the only
joint products are the fixed capital used in production. Otherwise,
each process produces a single output. Furthermore, because fixed
capital does not depreciate in that model, there are no new processes
for producing the commodities using old fixed capital (because old
fixed capital does not exist). Consequently, the output matrix B, in
this case, is a square matrix given by

B=1+®

where @, as in Section 5.3, is the matrix of fixed capital coefficients.
The input matrix is M + ®. Inequality 5.16 becomes

pd + ®) = (1 + m)p(M + )

or
p = plM + 7(M + D)) (5.17)

Now, by the Frobenius—Perron theorem, it is known that the min-
imum 7 for which there exists a nonnegative vector p such that (5.17)
holds is, in fact, the value 7 such that

p = plM + 7M + 9)] (5.18)

If the matrix M is indecomposable, then the value 7 is unique, as is
the price vector p, and in fact (p, ) is the equilibrium discussed in
Section 5.3. Equation 5.18 is precisely Equation 5.10.

Hence, the von Neumann formulation readily reduces to the char-
acterization of equilibrium obtained by our present-discounted-value
formulation of Section 5.3, in the special case dealt with there.
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Marxian equilibrium in the von Neumann model

In the case of a simple Leontief model with no fixed capital, no joint
production, and unit periods of production, we have the nice situa-
tion, assuming that the technology is indecomposable, that a unique
price —profit rate equilibrium exists. Indeed, it is unnecessary to con-
sider at what levels the various outputs are produced; one need only
look at the price equations of the economy. This is because at equilib-
rium, all processes operate at the same (and therefore maximal) profit
rates, and consequently capitalists can operate all processes, and pro-
duce any desired output combination. In the von Neumann case this
is not necessarily so, because some processes will not be operated at an
equilibrium described in Equation 5.16, as they do not produce the
maximum attainable profit rate. It is necessary, then, to define an
equilibrium in such a way that it is guaranteed extended reproduction
is possible, while operating only those processes that produce a max-
imum profit rate. There are various ways of doing this. To avoid a
lengthy treatment here, we take a modified von Neumann formula-
tion:

DEFINITION 5.1: A price vector and profit rate (p, ) are an equilibrium
for the von Neumann system (B, M) if:

@ pB=(1+ mpM

(b) 3x = 0 such that Bx = (1 + m)Mx

(c) pBx>10

This definition states that it is possible for the system to reproduce
itself (at growth rate ) by operating only those processes that achieve
the maximal profit rate, 7, from among the various processes. One
might note that if (B, M) is an indecomposable Leontief system (I, M),
then the unique von Neumann equilibrium is the usual equal-
profit-rate price vector. Hence, this definition is a generalization of
“Marxian equilibrium” to the joint production context.

It may, in general, be the case that there are many equilibria (p, )
in the sense of Definition 5.1. To avoid an extended discussion, we
postulate that the system (B, M) is irreducible (see Gale, 1960, p. 314).
Irreducibility is a weak generalization of indecomposability in Leon-
tief models. If (B, M) is irreducible, then Gale (1960) shows there is a
unique 7 associated with von Neumann equilibrium.

For our purposes, this suffices to define the equilibrium profit rate
associated with a joint production economy - in particular, for an
economy with fixed capital of all kinds.
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The change in rate of profit in the von Neumann model
in the presence of viable innovations

Given the von Neumann technology (B, M) as specified earlier, we de-
fine an optimal price vector as any semipositive price vector that mini-
mizes the profit factor for the economy.

DerINITION 5.2: The minimal profit factor for (B, M) is that number
p = 1 + o that is minimal in the set

{p =2 0|(3p = 0)(pB = ppM)}
Any vector p = 0 satisfying

pPB = ppM

is an optimal price vector.

Gale (1960) shows that if p is an optimal price vector, then (p, ) is a
von Neumann equilibrium (Definition 5.1). Hence it is precisely the
optimal price vectors, in this sense, that are the equilibrium prices
with which we are concerned.

An innovation in this economy is a new process that can be charac-
terized as a new pair of columns to be added to the B and M matrices.
Call the innovation (B™*!, M™*!), where B™*! and M™*! are the two
new column vectors. Notice that we do not replace columns of the pro-
duction matrices with the innovations, as was the procedure in the
simple Leontief model; rather, we append them to the old technol-
ogy. In general, there are many alternative processes already in
(B, M). Also, we may append many columns at once to (B, M).

We follow the same procedure for investigating changes in the rate

of profit under innovation as is followed in the Leontief model of
Chapter 4.

DerFINITION 5.3: Let (p, 7) be an optimal price vector at the minimal
profit rate o for economy (B, M). An innovation (B™*!, M™*!) will be
called viable with respect to p if and only if:

pB™1 > (1 + m)pM™* (5.19)

If an innovation is viable, it upsets the old equilibrium, because it is
more profitable than any process currently in operation at existing
prices. (If a process is not viable, it does not upset the existing price
equilibrium, and there is no question of a change in equilibrium.)
Thus, we consider the appended technology (B, M), where B =
(B, B™1, M = (M, M™*), which includes the new viable innovation,
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and ask: What happens to the minimal profit factor of (B, M)? Does it
necessarily rise or fall from #?

THEOREM 5.2: Let (B, M) be an irreducible von Neumann technology
with equilibrium profit rate 7 and optimal price vector p. Let
(B™*1, M™*1) be a viable innovation at prices p. Then:

(¢) If the optimal price vector p is unique for (B, M), the equilibrium
profit rate, 7, of the appended technology (B, M) is greater than
.

() If pis not unique, then there can always be constructed viable in-
novations (B™*1, M™*1) that leave the equilibrium profit rate un-
changed.

(#t) The equilibrium profit rate can never fall due to viable innova-
tions.

This theorem completely resolves the issue of what happens to the
rate of profit in fixed-capital, joint-production, alternative-process
models in consequence of the introduction of new techniques — sub-
ject to the caveats of what the definition of a Marxian equilibrium i in
such general models. For our purposes here, the theorem makes this
general point: No matter how one complicates the technology, the
“competitive” profit rate can rise only as a result of technical innova-
tion, if the real wage remains unchanged. Note that Theorem 5.2,
part (i#7), is the generalization of the “Okishio theorem” to the von
Neumann world.

Proof of Theorem 5.2

Part (iz). It is clear that the minimal profit can never fall in the ap-
pended technology. For let (p, %) be an optimal price vector — min-
imal profit rate for (B, M). Then l')M = (1 + mpM. Thus &« Z 7 by
definition of 7. But, Gale shows (1960) that the min#mal profit rate is in
fact the unique equilibrium profit rate for the irreducible von Neu-
mann economy. Hence 7 is the new equilibrium profit rate, and the
claim is proved.

Part (). Let p be the unigue optimal price vector for (B, M). Suppose
that the minimal profit rate for (B, M) were & — that is, it did not rise.
Then:

there exists § = 0 such that pB = (1 + m)pM (5.20)

In particular, pB = (1 + m)pM. But by the unicity of p, we must
therefore have p = p. This, however, is impossible, because by the as-
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sumption of viability, pB™! > (1 + #)pM™"!; but according to
(5.20), pB™*! = (1 + 7)pM™*'. Hence the minimal profit factor must
rise in the appended technology.

Part (ii). Let p* and p** be two optimal price vectors for (B, M). Be-
cause p* # p**, there can be chosen a vector C such that

p*C <0 p*™C=0 (5.21)

(This is a result of the so-called separating hyperplane theorem.) We
can always find nonegative vectors called B’ and M’ such that

C=(1+mM"-B (5.22)

Because B’ and M’ are nonnegative, they qualify as a conceivable
technical process, with inputs and outputs specified by M’ and B,
respectively.

By (5.21) and (5.22), it follows that the innovation (B’, M') is viable
with respect prices p*; however, from (5.21) we also have

p**B’ = (1 + m)p**M’ (5.23)

which means that in the appended technology B = (B, B'), M =
(M, M') we have p**B =1+ w)p**M. Hence the minimal profit rate
of (B, M) remains unchanged at 7*.

It is worthwhile to notice the apparent simplicity of the proof of
part (éii) of this theorem. Notice that this includes as a special case the
“Okishio theorem” for the Leontief technology which was proved by
use of eigenvalue properties in Chapter 4 (Theorem 4.6). In fact, the
proof of part (i) is not trivial: It is a consequence of the von Neu-
mann existence theorem — that is, the existence of an equilibrium for
the von Neumann model. (The statement that the minimal profit rate
is in fact an equilibrium profit rate for the von Neumann model is the
von Neumann existence theorem.) Thus, the rising-rate-of-profit
theorem in the general case is a simple corollary to the von Neumann
existence theorem.

A comment is worthwhile on the assumption of uniqueness of the
optimal price vector p. If the optimal price vector p is not unique,
then the theorem tells us that the profit rate might stay the same after
innovation. This is the generalization of what occurs in decomposable
Leontief economies with no joint production: If an innovation occurs
in a “luxury-goods” process, the rate of profit will not be affected. If
we are willing to assume that the proper specification of the economy
has sufficient structure to guarantee unicity of equilibrium prices,
then the profit rate must rise, unambiguously, with the innovation of
a viable process — according to Theorem 5.2, part (¢). The question
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naturally arises: Is there a condition on the von Neumann technology,
such as indecomposability in the Leontief economy, that will guaran-
tee unicity of the optimal price vector in the von Neumann model?
The answer is yes. There is a natural type of indecomposability for
the von Neumann model that guarantees the uniqueness of the price
vector. A study of this question can be found in Roemer (1980b).
Hence, if real wages are assumed fixed, then rational innovation
never leads to a falling rate of profit, regardless of complications intro-
duced by fixed capital, differential turnover times, and so on.

Some miscellaneous points on technical innovations

Two assumptions on the nature of technical change have been made
in this chapter, which are almost ubiquitous, it appears, in Marxian
discussions of the falling rate of profit. One is that innovations take
the form of inventing new processes, but not new commodities; the sec-
ond is that innovations fall costlessly from the sky. A brief evaluation
of what occurs upon relaxation of these assumptions follows.

One can introduce the concept of the invention of new commodi-
ties into the von Neumann model. Recall that each column of the ma-
trix B (or M) is an n-vector of goods that appear as outputs (or inputs)
from (or into) a particular process. Suppose that a process is invented
which produces a new commodity — the (n + 1)st commodity. The
process is characterized by two (n + 1)-column vectors B™*!, M™1,
where the (n + 1)st components of the vectors are the outputs and
inputs of the new commodity in the new process. We simply adjust the
old technology (B, M) to the new commodity space by adding a zero
component to each column of B and M - because the old processes in-
volve the new commodity as neither input nor output. Hence the ap-
pended technology is

B M) = B m+1 M m+1
8. = (g8 (o M)
where the symbol 0, in both places, is a row vector of zeros m compo-
nents long. o

An optimal price vector for {B, M} is in R*!. Let p be such an op-
timal price vector. Write p = (p, 1-7,,+Q, where p is the vector consisting
of the first n components of p and pa4, is the (n + 1)st component.
Now

pB = (1 + m)pM (5.24)

which holds by definition of p, where # is the minimal profit rate for
(B, M), implies that
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pB = (1 + #)pM (5.25)

(This is easily seen from the definitions of p, p, B, M, B, M.) Hence, by
(5.25), as long as p # 0, & must be at least as large as , the minimal
profit rate for the old technology (B, M). But it is certainly reasonable
to assume that p # 0, for if p = 0, that is a statement that a price equi-
librium exists in the new technology in which all old commodities be-
come free goods. Let us rule out such an occurrence as economically
unrealistic. Hence an innovation that introduces a new commodity
cannot but raise the minimal profit rate of the economy.

After the new good exists, it will gradually become used as input
into many more processes; this phenomenon takes the form of add-
ing many new columns to the technology (B, M) — the dynamics of
which have already been discussed. Eventually all the original pro-
cesses of (B, M) may become obsolete; but at each step the von Neu-
mann profit rate rises or stays the same, according to Theorem 5.2.

We take up next the issue of costly innovation. It is certainly un-
Marxian to assume that innovation falls costlessly from the sky. Inno-
vations are socially determined. Indeed, as has been remarked before,
in discussing the Persky—Alberro paper, technical change in modern
capitalism is a costly and deliberate process, emerging out of huge
R&D centers. How does this alter the FRP discussion?

We shall not engage in a thorough analysis of this question here;
for even if such an analysis did give rise to a theory of falling rates of
profit, that would be a genuinely new theory, and not a theory of the
type this chapter concentrates on.

Several general comments can be made, however. Let us view the
process of innovation as itself an activity, that is, it can be character-
ized by a set of inputs, and a set of outputs (new, improved tech-
niques). Suppose that there is a fair degree of certainty in what “out-
puts” will emerge from this process, for given input expenditure.
Then capitalists can rationally allocate resources to the R&D process
in such a way as to maximize total expected present discounted value
—which is to say, they will never engage in R&D to such an extent as to
lower the expected rate of profit.

Suppose, however, that there is uncertainty in the operation of the
R&D activity. This opens a Pandora’s box, akin to the phenomenon
pointed out by Persky and Alberro (1978). In this case, capitalists may
commit large expenditures to R&D, which do not pan out, and actual
profit rates fall (while expected rates rise, due to capitalists’ misesti-
mates). Although this does generate a FRP “theory,” one must ask:
Can such a theory explain secular or even cyclic falling rates of profit
on an economy-wide level? Certainly not. Research and development
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has itself become such a large business, and so systematized and
“rationalized” through division of labor, that the outputs are not
random and subject to elements of individual genius, but quite pre-
dictable. One cannot appeal to uncertainty in the innovation process
as a source for endemic falling rates of profit in capitalist economies.

5.5 Conclusion

For at least a generation, various writers have pointed out that there is
no necessity for the rate of profit to fall as a consequence of technical
change considered by itself (Robinson, 1942; Sweezy, 1942; Dobb,
1945). Okishio (1961) demonstrated in a simple and compelling
model that the rate of profit would rise as a consequence of competi-
tive innovation. In recent years, other writers have attempted to res-
urrect FRP theories, by posing more complicated, but still competi-
tive, models. The argument of this chapter is that there is no hope for
producing a FRP theory in a competitive, equilibrium environment
with a constant real wage.

It must be reiterated that this does not mean that the rate of profit
does not fall; it does not mean that there cannot exist a theory of a
falling rate of profit in capitalist economies. One must, however, relax
some of the assumptions of the stark models discussed here to achieve
such a FRP theory. Perhaps the most natural change to make con-
cerns behavior of the real wage. If the real wage increases as a conse-
quence of technical innovations, then a FRP may result, as is shown in
the next chapter. The general point is this: If the rate of profit falls in
such a changing real wage model, it is a consequence of the class
struggle that follows technical innovation, not because of the innova-
tion itself. A second possibility for producing a FRP theory is to pro-
duce a theory of rising state expenditures, which eat into before-tax
profits, thus rendering a fall in the after-tax profit rate. This, indeed,
is the suggestion of much recent Marxist work on the state (see
Wright, 1975; O’Connor, 1973). An example of such a model is pre-
sented in Chapter 9. A third possibility, suggested by Rowthorn
(1976), is that the increase in bargaining power of the LDCs vis-a-vis
the imperialist countries may have shifted the terms of trade against
the latter, resulting in a lower rate of profit for imperial capital.

Clearly this list does not pretend to be exhaustive; the general point
is that many FRP theories can exist if the pure competitive model is
abandoned. The general attack by the “fundamentalists” on these at-
tempts is this: The “new” theories of FRP do not deduce a falling rate
of profit from the development of capital itself, but from various ad
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hoc phenomena, such as class struggle (rising real wages), increased
role of state, and so on. A favorite quotation, from Marx, is this: “The
real barrier of capitalist production is capital itself.” But if one wishes
to construct an exegesis of FRP based on the implied theory of the
development of capital from this quote, one can reply that the funda-
mentalists have taken far too narrow a definition of what “capital it-
self” is. Capital itself is a social relation, as we are so often reminded,
and as such its development must include such phenomena as class
struggle around the real wage, the increasing role of the state, uneven
development of capitals (shifting terms of trade), and all the various
influences that appear as ad hoc modifications of the rising organic
composition model. These new theories are also called “profit-
squeeze” theories. It is only the most narrow view of capital that clas-
sifies profit-squeeze theories as abandoning the view that capitalism
develops according to its internal contradictions, and therefore that
the fundamental barrier to capitalist production is capital itself.

Finally, a comment is necessary concerning the political positions
that are frequently said necessarily to coexist with the positions taken
in the FRP debate. The fundamentalists often say or imply that the
profit-squeeze theories lead to reformist politics, as the fall, if any, in
the rate of profit becomes completely contingent on ad hoc and sub-
jective elements. The rising OCC theories, on the other hand, imply
capitalist crisis independent of the subjective wills of men/women and
lead, therefore, to a more revolutionary politics. A profit-squeeze
theorist, however, could reply the supposed deduction that a FRP and
capitalist crisis occurs independently of the intervention of class
struggle, as in the rising OCC theories, can give rise to an economist
and mechanistic theory of politics, where the necessity for conscious
organization is dissipated. Neither of these theories of political action
follows logically from its respective premises; the connection between
economic theory and political practice is considerably more circuitous
and subtle. The point of the examples, then, is to call for a more dis-
passionate discussion of the issues. One should not have to fear advo-
cating a particular position in the discussion, or in scientific work in
general, because of consequential branding as a political heretic.
Were the discussions conducted on this dispassionate basis, whatever
myths remain could be more easily cast aside, and progress would be
made in developing a Marxian theory of crisis.



0 Changes in the real wage and
the rate of profit

6.1 Introduction

In the preceding two chapters, we have shown that the rate of profit
will not fall as a consequence of rational, competitive technical change
if the real wage is held constant. It is clear that if the real wage rises,
however, the equilibrium rate of profit may fall. To develop a full
theory of a dynamic rate of profit, one would require a theory of how
the real wage changes as a consequence of technical change. From the
Marxian point of view, such a theory cannot be entirely “economic,”
in the usual sense, as what wage the workers succeed in receiving de-
pends on subjective elements that become realized in class struggle. In
this chapter we investigate one simple model which posits a relation-
ship between technical change and the real wage. Briefly, we shall as-
sume that real wages adjust after the innovation so that the relative
shares of labor and capital remain unchanged.

In recent discussions of the labor process by the Marxian econo-
mists, there has been some controversy as to whether technical change
is introduced by capitalists because it is efficient, or because it allows
capitalists better to control workers and hence extract surplus value.
[See, for instance, the writings of Marglin (1974), Stone (1974), Bra-
verman (1974), Gordon (1976), Edwards (1979), and Gintis (1976).]
In the final section of this chapter, we shall indicate how the model
presented can be used to discuss this dichotomous aspect of technical
change. Hence the classical issue of the falling rate of profit is resur-
rected in the modern discussions of the nature of technical change
and the labor process under capitalism.

6.2 Technical change with constant relative shares

Because the model of the present chapter is offered as an example
rather than as a general theory, we descend from the heights of gen-
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erality of the previous chapters and confine the discussion to a two-
sector linear, Leontief model. Sector 1 is the capital-goods sector,
sector 2 the consumption-goods sector. To operate sector ¢ at unit
level uses as inputs direct labor in amount /; and the capital good in
amount g;. The real wage bundle for a worker consists of b units of
the consumption good. Thus, the augmented input coetficient matrix

18
_ ay (7]
M= (bl, blz)

and the equilibrium price equations are

= (1 + @(pa + 1) (6.1)
p2 = (1 + @W)(prax + L) (6.2)
1 = p2b (6.3)

where we observe our previous convention that the wage is unity.
Equations 6.1, 6.2, and 6.3 can be written as

p=(+mpM (6.4)

The innovation procedure is this: Capitalists introduce a viable,
cost-reducing innovation when one appears. As before, a cost-
reducing innovation, in sector 1, say, is a technical change (af, ) sat-
isfying

paf + I < pray + L (6.5)

where (p, p2) are the current equilibrium prices. This eventually
leads to a new equilibrium rate of profit, #*, and new prices, p*, ac-
cording to the theory of Chapter 4. Then, workers adjust their real
wage bundle, to b*, so as to achieve the same relative ratio as they en-
joyed prior to the innovation.

Before being more precise, we must note that there is some indeter-
minancy as to what one means by “achieving the same relative share”
as before. The ratio of profits to wages in the economy is

_ TPMx 6.6
v Ix (6.6)
where x is the vector of output levels of the two sectors. After the
technical change to M* = A* + bL*, the new profits—wages ratio is
_ mp*M*x

*
v
L*x

assuming that the output mix remains the same at x. Clearly, if
workers were to adjust b so that the relative share is again made equal
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to v, their behavior must depend on x. That is, any theory that re-
quires the global profits—wages share to be maintained constant must
also develop a theory of how the output mix changes with technical
change. Presumably, the output mix will change with technical
change, and so we are immediately led to a rather complicated story.
Furthermore, it is difficult to imagine a mechanism in the economy
that would maintain ex post equality of the aggregate profits—wages
share with its previous value.

A second approach is to posit that workers in each sector struggle,
through their trade unions, to adjust their real wages so that the
profit—wage ratio in their sector remains equal to what it had been
prior to the innovation. The sectoral profit—wage ratios are

v = m(phay + k)

h (6.7)

The sector shares v; are independent of output mix, and hence the
problem discussed above does not exist for this formulation. There is
also a behavioral reason for favoring the sectoral-share adjustment
story to the aggregate-share adjustment story: If we imagine trade
union action as the mechanism that will achieve ex post equality of
shares, then a particular sector, rather than the whole economy, is a
more plausible jurisdiction within which the bargaining takes place.

There is, however, a cost to adopting the sectoral-share adjustment
model: As we shall see below, if workers in each sector are to change
their real wage b to achieve their ex ante relative share position, this
will necessitate a divergence in real wages between the two sectors.
Thus, we cannot maintain the following two assumptions simulta-
neously: (1) ex post equalization of sectoral relative shares following
technical change; (2) an economy-wide competitive labor market. We
shall, therefore, dispense with assumption 2. This is not inconsistent
with the model, for if the mechanism for adjusting the real wage con-
sists of labor unions specific to each sector, then it is also not unrea-
sonable that sectoral wages would differ, due to differential
bargaining strengths across sectors.

In summary, the assumption of a “constant relative share” is prob-
lematical. To discuss it on an economy-wide basis necessitates not only
a theory relating technical change to the real wage, but also output
levels to technical change. To discuss it on a sectoral basis requires dis-
pensing with the assumption of an economy-wide competitive labor
market. We do the latter, and posit different real wages in the two
Sectors.
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6.3 A model of relative share constancy within sectors
The model is this. Initially, the economy is specified:

P = (1 + m)(pay + 1)

Tableau 1 o = (1 Mt ) (6.8)
by = w
or
p= (1 +mpM
where

ay Ay
= (o o)
bily bl
The wage of the sector 1 workers is numeraire and w is the ratio of
real wages between the two sectors. Cost-reducing, capital-using,

labor-saving technical change (CU-LS) takes place (in sectors 1 or 2
or both), establishing a second tableau:

pl = (1 + o*)(pfai + 1)
= (1 + 7*)(pfas + wif) (6.9)
Tableau 2 pé‘b, = ’

b,

1
w

or
p* = (1 + m*)p*M*

where

x= (& “3‘)
M (b,l;" byly

Finally, real wages adjust so as to reestablish sectoral relative share
constancy with Tableau 1, thus:

pE* = (1 + 7**)(pf*af + IF)
pE* = (1 + T (pf*af + wrl)

Tableau 3 PEFbE* = (6.10)
pE*by* =
and
v = vi¥, vy = vf* or pFF = (1 + atR)pRRMEE
where
_ ( af af
M= (b;**l;* b%*za=)
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It is our task to show: (1) that for a given technical change, a final Tab-
leau 3 reestablishing relative share constancy always exists; (2) the ef-
fect on the rate of profit and real wages.

Using Equations 6.8 and the definition of relative share (6.7), we
can solve for p,, m, by, by as follows:

a=ad —a) (6.11)
1+ "o
+
b= (Vi DL _ vy + Dy (6.12)
—a

(where A, = embodied labor value of commodity 1);

ve(l + viay) — 0l = @) (6.13)
M+ 1)Pray
vl —a) 1
v, + 1 ' Volo

b =

by = (6.14)

We can now demonstrate the following theorem.

THEOREM 6.1: Let technical change take place. Then there is a unique
pair of real wages (b#*, bj*) that will render sectoral relative shares
equal to their ex ante values. Furthermore, if the technical change is
cost-reducing, CU-LS, then:

(/) The final equilibrium rate of profit at real wages (b*, b3*) falls if
technical change occurs in sector 1, and remains the same if
change occurs only in sector 2.

(@) If technical change occurs in sector 1 only (sector 2 only), then
bF* > by and bg* < by (bF* < by, b§* > b,).

(2#¢) If technical change occurs in both sectors, then at least one real
wage must increase to maintain share constancy. Both, however,
may increase.

Proof of Theorem 6.1: After technical change takes place and real wages
have been adjusted to maintain constant shares, Equations 6.11-6.14
must hold for the variables @**, bf*, b¥*, af, If, I, Af* with »; =
v#*. It follows immediately from (6.13) and (6.14) that a unique pair
(bF*, bf*) exists.

Proof of (i). From (6.11), it is clear that 7 decreases if and only if g, in-
creases, because »; = v§*; if gy is unchanged, so is 7.

Proof of (ii). Let change occur only in sector 1. By the Theorem 4.9, a
CU-LS change is progressive and so Af* < A;. It follows immediately
from (6.13) that bf* > b; and from (6.14) that b§* < bs.
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Let change occur only in sector 2. It follows immediately from
(6.14) that b%* > by, and from (6.13) that bt* < b,. (Observe that A, is
unchanged if there is no technical change in sector 1.)

Proof of (ii2). If technical change occurs in both sectors, the profit
rate falls [see (/)] If neither real wage changed, then the profit rate
would have risen under cost-reducing technical change, as discussed
in Chapter 4. 4 fortiori, if neither real wage increases, the profit rate
would have risen. But because the profit rate is known to have fallen,
at least one real wage must have increased. By continuity it is clear
from the proof of (i) that examples may be constructed where either
real wage rises and the other falls; it is furthermore possible to con-
struct examples where both real wages rise, or one stays the same.
Q.ED.

Thus, under the assumption of constant relative sectoral shares, the
rate of profit does fall as a consequence of cost-reducing technical
change in sector 1.

What happens if there is a ratchet effect on absolute real wages?
Suppose that technical change occurs only in sector 1 and workers in
sector 2 will not permit an erosion of the absolute real wage to rees-
tablish relative share to its ex ante value. Notice that 7** was deter-
mined solely by considerations of sector 1 relative share (Equation
6.11), so m** remains the same. Our final tableau, in this case, will be
characterized by a technology

M** = ( af az )
b¥¥lE  byly
It can easily be deduced by application of the Frobenius—Perron
theorem that a unique equilibrium value bf* exists rendering the cor-
rect profit rate ** to the matrix M**, that bf* > b,, and that the
value bf* here is smaller than it would have been were there no rat-
chet effect. Furthermore, v$* < v, in this case.

The interesting conclusion in the ratchet-effect case is that the final
equilibrium profit rate will be the same as in the no-ratchet-effect
case. The difference between the two cases lies only in distribution of
real wages between the two sectors. In particular, if sector 2 workers
are strong enough to enforce the ratchet, it is not their bosses who are
hurt, but the workers in the other sector! (Actually, this is an over-
statement; the workers in the first sector still win a larger real wage
than before technical change, but the increase is not so great as it
would have been with no ratchet in sector 2.)

It should be noted what economic structure is responsible for this
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apparent anomaly. In this construction, sector 2 is “nonbasic.” If each
sector were an input into the other, then the final profit rate would be
affected by a ratchet in sector 2. It should also be noted that the fall in
the rate of profit that transpires according to the Theorem 6.1 is a
consequence of the fact that the technical change is assumed to be
capital-using and labor-saving. There may also be cost-reducing inno-
vations that are capital-saving and labor-using, or that save on all
inputs. It has been argued that capital-saving changes are not the kind
envisioned by Marx. From Equation 6.11, it is clear that the rate of
profit will rise in such cases, assuming that share constancy is main-
tained.

The qualitative conclusions are these. In general, the rate of profit
falls if constant sectoral relative shares are maintained. The real wage
rises, at least, in the sector with “most” technical change; if the tech-
nical change is very uneven in the two sectors, then the real wage may
fall in the backward sector.

In a more complete Marxian model, we would have to consider the
effect on these dynamics of the increased unemployment from the
displaced workers created by technical change. (This, at least, is
Marx’s vision of the effect of technical change.) The larger industrial
reserve army would make it more difficult for workers in the sector
with technical change to reestablish the ex ante relative share; their
bargaining power would be reduced. This effect tends to mollify the
dynamics here.

6.4 Technical change and class struggle: efficient versus
controlling technical changes

The writings of Braverman, Marglin, and Stone have raised the ques-
tion: Do capitalists introduce technical change because it reduces costs
or because it allows better control over workers? Gordon (1976) states
the question in sharpest form when he asks if it is possible for capital-
ists to introduce technical changes that are not cost-minimizing be-
cause they allow more control.

There is more to the discussion of technical change by these writers
than this encapsulation implies; they are concerned with the forms
that such change takes under capitalism, its effect on the work process
and workers. One aspect of the economic question of “controlling”
versus “efficient” technologies can be cast in terms of the model used
here.

We may decompose the effect on the profit rate from a technical
change into two effects: the change in 7 that occurs from the change
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in technological coefficients {a;, az, i, lp} while real wages {b;, by} are
fixed, and the subsequent change in 7 when real wages change to
{b¥*, bg*}. That is, there is the change in moving, first, from Tableau
1 to Tableau 2, and second, in moving from Tableau 2 to Tableau 3.
Thus, in the notation of the previous sections,

TR — = (¥ — m) + (T — 7*)
or
Am = Ame + Amyp

Now the essence of technical efficiency is the relation of output to
units of input. To measure technical efficiency, we must therefore
consider workers as mechanical inputs into the production process; as
such, their labor is relevant only insofar as it commands a certain
amount of replenishment, b, or b;. Thus, improvements in technical
efficiency are measured by assuming that the real wage - that is, the
real input into the production process of the wage good - remains
fixed per unit of labor. Hence the change Am, = 7* — 7 is the ¢ffi-
ciency effect of a technical change. However, if the real wages change as
a consequence of the technical change, that is solely because labor is
embodied in living workers who are conscious of their role in produc-
tion, and are therefore able to command a larger input of the wage
good when technical conditions make their labor more productive.
This is captured in the second effect, Am, = ** — ¥, which is the
real-wage effect of a technical change. In particular, if the labor were
supplied by horses, we would always have Am, = 0. The horse will not
receive more hay per unit of labor expended even if a revolutionary
advance is made in the design of the plough to which it is harnessed.?

The real-wage effect captures, in a limited way, the “controlling” as-
pects of new technology. New technology changes the social relations,
it changes the bargaining position of capital and labor, and implies
consequent changes in the real wage. There is, however, certainly
more to the controlling effect of technology as described by the radi-
cal writers than is captured in the real-wage effect defined here. As a
consequence of new technologies, capital does not reap the advan-
tages only - or even, perhaps mainly - in the lower real wages it can
pay, but in the hegemony it thereby establishes over the production
process [see Braverman (1974) and Edwards (1979)]. These system-
atic aspects of control cannot be captured in the type of model pre-
sented here.

In the story told in Section 6.3, the mechanism of technical change
and class struggle was such that

Ame >0  Am <0 |Amy| > Amre
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The real-wage effect was negative and dominated the efficiency ef-
fect. More generally, we should not suppose that relative shares will
be reestablished at ex ante values following a technical change; the
purpose, in fact, of the type of technical change introduced by capital-
ists, according to Marglin et al., is to establish a balance of class forces
that prevents this from happening. Capitalists, it would be claimed,
will not introduce a technical change unless the real-wage effect is
positive, or small in absolute value if negative.

If capitalists do plan with this much foresight — which is the impor-
tant question with which these theories must come to grips® — then
their gaze will be focused on the net effect A, and not simply the ef-
ficiency effect Am,. (This is assuming that they can estimate the
real-wage effect Am, which, of course, is not the job of the plant engi-
neer but rather that of the “industrial psychologist.”) It is, in fact, cer-
tainly conceivable that a technical change will be introduced with
Am, < 0if Am, > 0and Am, > |Am,|. Consider this example: A process
operates under Tableau 1 with a small number of skilled workers who
receive a high real wage. The capitalist introduces sophisticated
machinery, so that the process can be performed with the same
number of workers but with less skill. The efficiency effect in this case
would be negative; however, because the capitalist can now bring to
bear the pressure of the entire unskilled industrial reserve army in
the bargaining process, the real wage will fall; the real-wage effect is
positive and sufficient to nullify the efficiency effect. This story is not
dissimilar to the one told by Stone about the deskilling of the labor
process in the steel industry.

To make the same point with technical language, the model of Sec-
tion 6.3 was a myopic, Cournot-type model. It was assumed that capi-
talists adopt technically efficient innovations when they appear,
without consideration of what the workers’ reactions shall be. A more
sophisticated game-strategic approach is clearly called for in model-
ing the type of process under discussion.

There is an obvious taxonomy of technical change according to the
real-wage and efficiency effects:

Type la: Awe > 0, Am, < 0, A7 < 0

Type 1b: Ame > 0, Am, < 0, A7 >0

Type 2a: Am, < 0,Am, > 0, A <0

Type 2b: Amw, < 0, Am, > 0, Awr >0

Type 3: Ame >0, Am, > 0

Type 4: Am, < 0,Am, <0
Clearly, type 4 changes will never appear.? Any of the others might
appear. Type 3 changes are evidently the safest ones for the capitalist,
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but because they entail a drop in absolute real wages for the working
class as a whole (because Am, > 0), it is unlikely that they appear.
Type 1 technical change is the neoclassically conceived type: Tech-
nical change is cost-reducing (Am, > 0), but then some of the added
fruits of increased productivity trickle down to the workers (Am, < 0).
Type 2 technical change is the most extreme form of Marglin—Stone
change: It is cost-increasing in the short run but allows greater con-
trol, as manifest in decreased real wages.

Using this taxonomy, one could in theory test the Marglin—Stone
hypothesis by classifying technical changes that have occurred into
various types. Most technical changes are probably of type 1, and so
the judgment must be based more subtly on whether there exist fea-
sible technical changes with large Aw, values that are not introduced
because of even larger suspected negative values of Am,. The point of
this discussion is not to formulate a model sufficiently well specified
for empirical work, but to show how the two effects discussed in the
literature can be dichotomized and identified.

A final comment is necessary to identify the description here with
the way the controlling effect of technical change is pictured as
operating in much of the radical literature. The introduction of new
machinery may not be followed by a decrease in the real wage per unit
of labor power (say, a day’s work), but by increased intensity of work.
For instance, the assembly line may not introduce any strictly tech-
nical advances over craft work, but it enables the capitalist to speed up
the work process. This is a phenomenon considered important by
Marglin in the advent of the factory system and the assembly line. In
Marxist terminology, the technical change has the effect of extracting
more labor from a given amount of labor power. A unit of labor
power, however, may command the same wage — in which case the
wage decreases per unit of labor, or work actually performed. Now
we must ask: In the description of a technology as {a;, az, ly, &2}, do the
l; represent amounts of labor or labor power? The implicit neoclas-
sical assumption is that they stand for units of labor power. It is as-
sumed that the intensity of work is fixed. Thus, suppose that there are
two processes for making a pin, each requiring the same amount of
capital-good input, but one requiring one worker-day and the other
two worker-days. The neoclassical conclusion is that the first process is
more technically efficient. The Marxist, however, asks: How hard are
the workers laboring in the two processes? If the organization of work
in the first process is such that the capitalist can force the worker to
work twice as fast as workers labor in the second process, then it
cannot be said that the first process is technically more efficient. From
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the radical-Marxist point of view, the coefficients ; must measure
some standard of labor performed, not the commodity labor power pur-
chased, to render an accurate picture of technical efficiency in pro-
duction.

Suppose that a technical change is described by {a,, L1} = {af, I},
where lf < [, and af > a,, where the framework is neoclassical and /;
and /§ stand for units of labor power (worker-days). Perhaps the real
wage b, stays fixed in Tableau 3. Does this mean that the real-wage ef-
fect is zero? No. An accurate assessment would necessitate the follow-
ing construction. If the workers under the new technology worked at
the same intensity as they did under the old one (however that may be
measured), how much labor time would be necessary to produce a
unit of output now? If the answer is l[f* and if* > I, then we must
consider the new technology to be properly characterized by {af, If*}.

This, in turn, implies that the new real wage, instead of remaining
fixed at b,, will have fallen to a value b{* per unit of labor expended, de-
fined by

_ bl

bi* I+

< by
Hence, it is clear the real-wage effect, Am,, is positive.

In summary, although a neoclassical description of the production
process may appear to imply that the real-wage effect is zero, to gain
an accurate assessment labor coefficients must be recalculated in
terms of labor expended, using as a standard of measurement the in-
tensity of labor that was performed in the former technology. (It is
not obvious, however, how such intensity should be measured.) The
real wage must then be amortized over units of labor actually per-
formed. It is in this way that the hidden control effect arising from
the more “efficient” extraction of labor from labor power due to the
innovation may be isolated. Marxists consider this type of effect to be
of utmost importance, and it is kept clearly in mind by recalling the
distinction between labor and labor power. Neoclassical economists
might attempt to describe the same phenomenon with the concept of
x efficiency.

6.5 Summary

This discussion shows that Marx’s classical concern with the tendency
for the rate of profit to fall is resurrected in the current radical-
Marxian concerns with the nature of technological change under cap-
italism, with the effect of technical change on the balance of class
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forces. Although Marx’s original conjecture was incorrect — that the
rate of profit could fall with cost-reducing technical changes and con-
stant real wages — it has been shown that with cost-reducing,
capital-using, labor-saving changes, the rate of profit will in general
fall, if it is the sectoral relative shares of workers that remain fixed,
not the absolute level of the wage. This formulation, however, is itself
too narrow, and serves only as a standard to which actual history may
be compared. More generally, the effect on the real wage resulting
from technical change is not settled a priori and is considered to be a
focus of the considerations of capitalists, in the modern radical litera-
ture. A full assessment of the changes in the rate of profit must evalu-
ate both the strictly technically induced increment (decrement) and
the increment (decrement) induced from the control effect that a
technology enables capital to exercise over workers. An accurate mea-
surement of these two effects can be made only by clearly separating
the concept of labor from labor power. Thus, whether the rate of
profit rises or falls as a result of capitalist technical innovations is a
question that cannot be answered by purely technical considerations;
it is a question that is, at heart, Marxian, as it involves consideration of
the social consequences of the confrontation between living labor and
dead labor in a new form. These social consequences, at a first
approximation, are reflected in the effect of technical change on the
real wage.



[ The law of value and the
transformation problem

7.1 Marx’s project: where do profits come from?

A main task of a theory of value for capitalist economy, for Marx, was
to answer the question: Where do profits come from? Perhaps it is eas-
ier to comprehend why this question was of a somewhat paradoxical
nature by comparing capitalism to the two major precapitalist, class-
stratified modes of production: feudalism and slavery. Under slavery,
the class of slave owners forcibly expropriated unpaid labor from
slaves. Thus, slave owners lived off slaves in a most obvious way.
Under the feudal organization of production, the expropriation of
the surplus was almost as obvious. Serfs performed the corvée for sev-
eral days a week and worked several days a week on their own plots.
The product of their plots was theirs for consumption; the labor time
spent on the corvée was transformed into goods expropriated directly
by the lord. Again, there can be no confusion concerning the locus of
surplus production, and the locus of its expropriation. In both slavery
and feudalism, the key to the division of society into a rich, expro-
priating class and a poor, expropriated one was the existence of a
coercive institution for the exchange of labor.

What was puzzling to Marx concerning capitalism was this: The
institution of labor exchange was not coercive. Nevertheless, one class
became incredibly rich, and the other remained impoverished. Marx
insisted on modeling capitalism as a regime in which markets are fair,
an idea he tried to capture in his value theory by requiring commodi-
ties of equal value to be exchanged for each other. In particular, the
commodity labor power is exchanged for its value, the wage, on the
labor market. The riddle was, how could expropriation of labor come
about — for come about it must to explain the huge difference
between class fortunes under capitalism — in the absence of a coer-
cive institution for the exchange of labor? Marx constructed an
answer to this question with his version of the labor theory of value,

146
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surplus value, and exploitation. What is important for our purposes is
just this: The task of the theory was to show that the coerciveness of
the institution of labor exchange was not a necessary condition for the
existence of exploitation of one class by another.

Marx believed that the preconditions for the existence of the wage
labor market were themselves coercive - that is, workers had no
choice but to sell their labor power, as they had been separated from
the means of production, and had no alternative for survival. In a
precise sense, however, this simply sets certain initial conditions on
the bargaining strength of the two parties in the market; it does not
obviate the fact, juridically, that participation in the labor market is
voluntary, at least in a model of pure capitalism. This is one example
of Marx’s “scientific,” as opposed to “utopian,” approach to capital-
ism. He wished to explain the existence of exploitation in a noncoer-
cive model, in the sense described. This is obviously more difficult
than appealing simply to the omnipotence of the capitalist class.

How did Marx approach the problem of showing profits can arise
from fair exchanges? The solution, in Volume I of Capital, involved
developing two tools:

1. A theory of exchange where the exchange value of every commod-
ity is based on an objective property of the commodity

2. A way of measuring that objective property for the special com-
modity labor power, to arrive at its exchange value

The necessity for some objective property of commodities was to

enable Marx to define exchanges as fair — fair in not being based on

subjective considerations, but on a detached, objective property of

commodities. The notion of fairness contains no moral or ethical con-

notations; on this Marx was clear.

Marx’s solution was to take as the objective property of a commod-
ity its socially embodied labor time; the way of attributing such a
number to the commodity of a day’s labor power was to posit a subsis-
tence real wage or subsistence bundle for workers. The socially neces-
sary labor time embodied in the commodity labor power is the labor
value of the subsistence bundle. With these definitions, Marx was able
to come up with a concept of surplus value as the difference between
a day’s labor time and the value of the day’s labor power. The notion
of exploitation followed.

From the necessity of answering questions 1 and 2 above, it is clear
why Marx had to insist on a subsistence bundle for workers. If a sub-
jective element were to be introduced in the determination of
workers’ consumption, then the value of the commodity labor power
could not be said to be determined objectively. Consequently, the no-
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tion of “fair” or “competitive” exchange on the labor power market
would dissolve. (We might better describe Marx’s exchange concept as
competitive; each commodity was supposed to exchange for its value,
properly defined.) The subsistence concept, then, was not simply one
that perhaps captured the conditions of nineteenth-century capital-
ism; it was logically necessary to accomplish Marx’s purpose, given
the methodological approach outlined by questions 1 and 2.

That Marx’s theory logically mandated the concept of a subsistence
real wage does not mean he adopted that concept in order to make
this theory work. On the contrary, the evidence presented in the next
section demonstrates that Marx saw capitalism as maintaining the real
wage of workers at a subsistence level and that his theory developed
around this fact. Furthermore, the subsistence wage was a classical
premise. The argument here, then, is made ex post in an effort to ex-
pose the structure of Marx’s problem and his solution. Our task will
be to construct a Marxian theory without a subsistence wage.

It is worthwhile to summarize briefly how prices actually do relate
to labor values in the Marxian system to see how the Marxian num-
éraire of an hour’s embodied labor as the unit of exchange holds up.
We shall assume the standard linear, Leontief technology (4, L) that
was studied in Chapters 1 and 4. First, let us assume that the organic
compositions of capital are equal in all sectors. Let A be the vector of
commodity labor values, p the vector of commodity prices relative to
the wage, the wage being taken as 1, and b be the (constant) vector of
subsistence commodities for workers. Let ¢ be the rate of surplus
value, defined by

_1-Ab

<0 (7.1)

[
If the prices p, which are competitively arrived at, equalize the profit
rates in all sectors, then it is easily computed that in the case of equal
organic compositions of capital, there is a unique such price vector,
and it satisfies the relations

p=(+0A (7.2)
and
pb=1 (7.3)

(Equation 7.3 says that subsistence bundle b can just be purchased
with the wage.)
Let us rewrite (7.2) as

b

=1+e for all ; (7.4)
A
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This says that the price per hour of embodied labor time of all pro-
duced commodities is constant, and equal to 1 + ¢. We must ask: Is the
price per hour of embodied labor time of the one remaining com-
modity, labor power, also equal to 1 + ¢? By definition, the price per
hour of embodied labor time of labor power is w/Ab = 1/Ab =1 +
¢, by (7.1), and it is, therefore, true that all commodities, including
labor power, exchange at prices that are proportional to embodied
labor values. The labor theory of value as a quantitative theory of ex-
change is validated.

Let us now drop the assumption of equal organic compositions of
capital. It is still true that the rate of exploitation or surplus value is
defined by (7.1). Furthermore, if prices are assigned to commodities
according to Equation 7.2, it remains true that all commodities, in-
cluding labor power, will exchange at prices proportional to their
embodied labor times. However, such prices will not, in this case,
bring about equal rates of profit in all sectors. (In fact, such prices can
be arrived at by a uniform markup on wages alone in all lines of pro-
duction, rather than a uniform markup on total costs of production.)
Thus, the competitive assumption of a uniform profit rate violates the
quantitative-labor-value exchange theory: Competitive prices do not
bring about an exchange of commodities according to amounts of
embodied labor time.

The bourgeois critics of Marx’s theory rest their case at this point.
The exchange theory of Capital, Volume I, holds only in a very special
case. Consequently, Marx’s theories of value, surplus value, and ex-
ploitation must be discarded. This, however, is not the case, for the
Marxian theory of exploitation can be constructed quite independ-
ently of the labor theory of value as a quantitative exchange theory.
We have already shown this to be the case in the general Marxian
model of Chapters 2 and 3. What, then, is the purpose of the present
chapter? It is to argue, more explicitly, for a reinterpretation of
Marxian value theory and the transformation problem. In particular,
this will involve discarding the concept of a subsistence wage. We shall
propose an interpretation of the so-called Marxian law of value, and
discuss the implications of this interpretation for the transformation
problem.

In brief, the effort will be to propose a value theory that preserves
the two great Marxian ideas: (1) that the arena of social relations
among men and women can be understood by studying relations of
labor expropriation, although the observable manifestation of these
relations becomes reified through prices, commodities, and money;
(2) in particular, that exploitation, the expropriation of surplus value,
produces profit. Yet the value theory must discard what we have
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argued are the two incidental concepts of Marx’s analysis: (3) that
workers are paid a subsistence wage, and (4) prices of commodities
are such that equivalent exchanges for equivalent, and that, in some
sense, price can be fruitfully conceived of as a distortion of embodied
labor value.

7.2 Marx and the subsistence wage

This section is a historical excursus. Its purpose is to argue that, in at
least one of his important writings, Marx argued quite explicitly that
under capitalism workers would be paid a subsistence wage. I have
argued that a subsistence wage is logically necessary for Marx’s ap-
proach, because he requires an objective way of assigning a value (i.e.,
embodied labor time) to the commodity labor power, to preserve the
notion that labor power exchanges for its proper equivalent on the
labor market.

It is usually argued that Marx did not subscribe to a literal subsis-
tence theory, but believed that subsistence is defined according to his-
torical and social norms. Although Marx says the latter clearly, it must
be pointed out that a surplus-value theory in which subsistence is a
subjective concept loses its power as a theory of fair exchange. It is
tautological to speak of workers’ subsistence being whatever they con-
sume; at that level, Marx’s argument loses its persuasion as an objec-
tive economic argument demonstrating the origin of profits. Ronald
Meek makes this point:

If the value of labour-power at any given time is taken to be
simply what the workers happen to have been getting for
their labour-power during the previous few years, Marx’s
theory of wages becomes so general as to be virtually mean-
ingless. Marx, I think, would have recognized quite frankly
that the average worker in advanced capitalist countries today
was getting a real wage substantially higher than the value of
his labour-power, and would have tried to explain why
[Meek, 1967, p. 119].

Our historical locus is Marx’s pamphlet, Wages, Price and Profit
(1973), which was written to counter the argument of an Owenite
named Weston, who argued that workers should not bother to fight
for higher wages, because the iron laws of economics condemned
them to whatever the given wage was. One would expect that if Marx
believed workers could win a higher-than-subsistence wage, this
would have been the place to say it! (Marx is here thinking of the wage
as a particular money wage or gold wage, which allows, in normal
times, a given level of subsistence.) He argued, however, in Chapter
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XIII, entitled “Main Cases of Attempts at Raising Wages or Resisting

Their Fall,” that wage raises take place for four reasons:

1. Due to changes in productivity, the value of labor power may rise,
necessitating a higher wage. The example given is that the move-
ment to less fertile farmland means that the subsistence food
bundle will embody more social labor time.

2. Price inflation. The discovery of new gold mines will cheapen the
value of gold and hence raise the money price of goods.

3. The struggle over the length of the working day may raise
workers’ real hourly wage, though leaving their daily subsistence
bundle unchanged.

4. The business cycle. On the downswing, workers get paid less than
the value of their labor power, and so on the upswing they must
struggle for more than its value to break even.

In none of the four cases does the struggle for an increase in wages af-

fect the real subsistence bundle the worker receives. Almost as an

aside, not at a numbered point, Marx mentions that a rise in labor

productivity can give rise to a real wage increase. Suppose that the

real wage stays the same following a productivity increase:
Then profits would rise . . . Although the labourer’s abso-
lute standard of life would have remained the same, his rela-
tive wages, and therewith his relative social position, as com-
pared with the capitalist, would have been lowered. If the
working man should resist that reduction of relative wages,
he would only try to get some share in the increased produc-
tive powers of his own labour, and to maintain his former rel-
ative position in the social scale (Marx, 1973, p. 66).

This is the lone example of workers increasing their real wage, that is,

improving upon the old subsistence bundle, and it is clear from the

context that it is not a main point. Marx concludes the chapter by

saying that the cases discussed account for ninety-nine wage increases

out of a hundred.
. . . despite all the ups and down, and do what he may, the
working man will, on the average, only receive the value of his
labour, which resolves into the value of his labouring power,
which is determined by the value of the necessities required
for maintenance and reproduction, which value of necessities
finally is regulated by the quantity of labour wanted to pro-
duce them.

However, having driven home the literal nature of the subsistence

concept, Marx qualifies it with the remark:

But there are some peculiar features which distinguish the
value of the labouring power, or the value of labour, from the val-
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ues of other commodities. The value of labouring power is
formed by two elements — the one merely physical, the other
historical or social. The ultimate limit is determined by the
physical element . . . the value of labour is in every country
determined by a traditional standard of life.
Then follows the resolution between the literal subsistence theory and
the historical-social subsistence theory. In fact, class struggle is con-
stantly occurring around the wage:
The fixation of its actual degree (the rate of profit) is only set-
tled by the continuous struggle between capital and labour,
the capitalist constantly tending to reduce wages to their
physical minimum, and to extend the working day to its phys-
ical maximum, while the working man constantly presses in
the opposite direction. The question resolves itself into a
question of the respective powers to the combatants.
Why cannot the wage, then, be raised above subsistence? Because,
due to the nature of technological change, which makes workers rela-
tively less scarce, the bargaining power of capital is such that it will, in
fact, be able to force the wage to its physical minimum:
In the progress of industry the demand for labour keeps,
therefore, no pace with the accumulation of capital. It will still
increase, but increase in a constantly diminishing ratio as
compared with the increase of capital.

These few hints will suffice to show that the very develop-
ment of modern industry must progressively turn the scale in
favour of the capitalist against the working man, and that
consequently the general tendency of capitalistic production
is not to raise, but to sink the average standard of wages, or to
push the value of labour more or less to its minimum limit.

The wage theory of Wages, Price and Profit may now be synthesized.
Ex ante, real wages are determined by class struggle, by the “respective
powers of the combatants.” However, because of the peculiar nature
of another law of capitalist development (labor-saving technical inno-
vation), the class power of workers is not sufficient to win them more
than the physical subsistence level.

Although it might be claimed that Wages, Price and Profit was not
Marx’s mature work, and that it is unfair to claim that the wage theory
presented there was Marx’s final theory, these arguments of Marx
have been reproduced because they show how important the subsis-
tence concept was in the genesis of Marx’s thought on the theory of ex-
ploitation. In Capital, Volume I, Chapter 25 (“The General Law of
Capitalist Accumulation”), Marx presents a wage theory somewhat
modified from the subsistence theory outlined earlier. The possibility
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that the real wage rises with accumulation is given more weight in that
chapter of Capital. There is, however, a natural upper bound on the
level of the real wage, and that is the wage above which capitalists will
cease investing because of a profit squeeze. If the real wage rises to too
high a level, then:
The rate of accumulation lessens; but with its lessening the
primary cause of that lessening vanishes, i.e., the dispropor-
tion between capital and exploitable labour-power. The
mechanism of the process of capitalist production removes
the very obstacles that it temporarily creates. The price of la-
bour falls again to a level corresponding with the needs of the
self-expansion of capital, whether the level be below, the same
as, or above the one which was normal before the rise of
wages took place (Marx, 1947, p. 633).
Here the subsistence wage is not so sharp a concept as in Wages, Price
and Profit; it is, rather, a subsistence band that is determined by the re-
quirements of capital’s expansion. This position is more consonant
with the theory of the real wage presented in the following section.
Yet what Marx fails to do in the chapter on accumulation, and in Capi-
tal, is to discuss what objective meaning can be assigned to the value of
labor power when the real wage is to some degree indeterminate.
Even in Capital, it must be said, Marx maintained the position that
there is not much leeway in the real wage. This is seen in the quota-
tion above, and also, later in the same paragraph, when he states: “To
put it mathematically: the rate of accumulation is the independent,
not the dependent, variable; the rate of wages, the dependent, not the
independent variable.”

A modern Marxian theory, then, should maintain the general con-
cept that class struggle determines real wages. Class struggle may de-
termine a real wage that is greater than “subsistence.” We need not
debate whether “subsistence” is a biological or historical concept. With
wages no longer held at subsistence, the value of labor power loses its
well-definedness. Not only, then, is the reformulation of Marxian
value theory without a subsistence wage a possible way of developing a
theory of exploitation not based on the labor theory of value as ex-
change theory, it becomes a necessary reformulation if an effort is
made to construct a Marxian theory in which class struggle is thought
of as determining the real wage.

7.3 The law of value

For Marx, economic categories (price, commodity) were reflections of
social categories (work, labor, exploitation). If we posit social relations
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at a given point in time as being embodied in the relations of labor ex-
propriation and the intensity of that expropriation, the economic ques-
tion becomes: How do the economic categories — price, profit rate,
money wage — emerge so as to allow the system to reproduce itself at
the given constellation of social relations? This is often stated in terms
of Marx’s two worlds — a world of social relations among people, and a
world of relations among things (as reflected in prices). How, pre-
cisely, do the categories in the phenomenal world of things arrange
themselves so as to reify consistently the underlying relations in the
social world? How can a given constellation of prices and commodity
exchanges reproduce social relations? The law of value is the name we
shall give to the principle which says that the world of social relations
regulates relations in the world of prices and commodities. I think this
is the most fruitful interpretation of what Marx meant by the law of
value.

This question can be discussed at many levels. At the deepest level,
it must include discussion of the way in which market relations reen-
force institutions and beliefs that reproduce capitalism. Our task is
only to propose an economic interpretation of the law of value.

For present purposes, it is convenient to distinguish between the
goods that workers consume, which will be produced by department
I1, and the capital-goods sector, department 1. Because we wish to dis-
pense with the subsistence-wage premise, we shall allow workers to
choose among goods by evaluating a “utility” function u. This should
not be taken to imply that a subjective theory of demand is the pre-
ferred theory: The purpose of this construction is to show that a
Marxian theory of exploitation can be consistent even while allowing
workers to choose goods. Recall that in Chapter 2, another theory was
put forth of the social determination of workers’ consumption.

Let:

Aj be the n X n indecomposable, productive matrix of physi-
cal input—output coefficients in department I, capital-
goods industries

Ay be the n X r input—output matrix for department II,
consumption-goods industries

P1, Pu be the row price vectors for the two departments

b; be the r column vector of consumption goods for the ith
worker

ui(b) be the utility function for worker ¢

L;, Ly be the row vectors of direct labor inputs in the two de-
partments

7 be the rate of profit
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The labor-value vectors, Ay and Ay, for the two departments can be
defined in the usual Leontief way:

Al = AlAl + Ll

Ap=Aq + L

and the social rate of exploitation is

o _N - AuS by
'3@ bi) - AuE by

where N is the number of workers in the economy. (The unit for
denominating working time and the consumption bundle is one
working day, of constant magnitude.)

If the social rate of exploitation is at some level ¢*, then

e(S b)) = e* (7.5)

The money wage is taken as numeraire, and the equal profit-rate
price equations are

= (1 +7)(pA+ Ly (7.6)

Pu = (1 + m)(prAn + Ly) (7.7
Workers choose b; as follows:

Vi by maximizes u(b;) subject to pyb; = 1 (7.8)

We can now state the theorem that embodies the law of value.

THEOREM 7.1 (Law of value): Given any nonnegative number ¢*:

() There exists an equilibrium {m, py, pu, by, . . . , by} satisfying
Equations 7.5-7.8.

If the utility functions satisfy Assumption A below, then:

() For any ¢*, the equilibrium is unique.

(#¢) The function m(e*) that is therefore defined is strictly monotone
increasing, with 7(0) = 0.

Assumption A. Let Dy(py) be the demand function generated by w,
when workers maximize u; subject to the budget constraint pyb = 1.
It is assumed that Dy(py) is a function and that

Pu > pu > Di(pw) < Di(po)

That is, if the wage—price of every consumption good increases, then
consumption of all goods decreases.!
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Proof of Theorem 7.1

Proof of part (i). Let ¢* be given. Let B be any nonnegative vector
such that ¢(B) = ¢* (see Equation 7.5). B is to be thought of as a can-
didate for aggregate workers’ consumption. Consider the set of equa-
tions (7.6), (7.7), and (7.9), where

N = pu® (7.9)
By the indecomposability of A, and the Frobenius theorem, there
exists a unique solution set {#, p;, pu} to these three equations. Be-
cause py is determined by (7.8), a set {b;} is determined. Define B’ =
3 b;. Let 3" be that multiple of B’ such that e(#B") = ¢* (such a mul-
tiple always exists).

What has been defined is a continuous function ¢ : 8 = %", which
maps the compact convex set {B|e(B) = ¢*} into itself. By Brouwer’s
fixed-point theorem, there is a fixed point #* such that B* = $*".

Now #*' = 3 b and pitb* = 1 implies that p#®* = N. Because
B+ = aRB*', we have pif - B*" = aN and therefore pjf B* = aN. By
(7.9), it follows that & = 1, and hence

3 bf = B = B* (7.10)
Hence, the bundles bj* maximize wu(b;) with respect to budget con-
straints pif - b* = 1 and give rise to a social rate of exploitation ¢*;
that is, the set {m*, p¥, pif, b¥} is a solution to (7.5)—(7.8).

To prove parts (Z) and (¢i7), we require the following lemma.

LEMMA 7.2: Under Assumption A, if B and B3 are two fixed points
of the function ¢ defined above, then w(BF) = 7 = w(By™.

Proof: Suppose that w(BF) = mg* > 7 = w(RBi#. It can be shown by
differentiating Equation 7.6 with respect to # that in this case pf; >
pif and from equation 7.7,

pifz > pifa (7.11)

(That is, equilibrium wage—prices rise with the profit rate.) From
(7.11) and Assumption A, we have B < B, which contradicts the
supposition that e(B§) = e* = ¢(BF). Q.E.D.

Proof of part (it). By the lemma, all fixed points $B* for e* generate
the same profit rate 7*, and hence the same price vectors p§, pif by
(7.6) and (7.7), and hence the same {b#} by (7.8). But &* = 3 b;
hence the fixed point is unique.
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Proof of part (ii). m(e*) is a function by the lemma. Suppose that
e** > ¢* but w(e**) < m(e*). It follows that pf* < pif by consideration
of (7.6) and (7.7). By Assumption A, #B** > JB*, which contradicts the
supposition. It is easily seen that if mw(e**) = m(e*), then B** = B*,
which contradicts the supposition. Hence, m(e*) is strictly monotone
increasing.

Furthermore, if ¢* = 0, then Ay#B* = N = p;B*. But it is well
known that py > Ay if # > 0. It follows that # = 0. Q.E.D.

In what sense does Theorem 7.1 capture the Marxian “law of
value?” It says that, corresponding to any given constellation of social
relations, as captured in the social variable ¢*, which measures the in-
tensity of exploitation, there exists a set of prices, profit rate, and
commodity consumptions for workers that realize or reify the social
conditions ¢* as an equilibrium in the world of profits and commodi-
ties — in the sense that profit-maximizing production by capitalists can
take place and reproduce the economy at those prices (because the
rate of profit is equalized in all sectors), while every worker maximizes
utility subject to his wage constraint. If, moreover, we wish to admit
Assumption A or some similar sufficient condition, then it is true that
the correspondence between the social variable ¢* and its phenomenal
realization {m, pu, by, . . . , by}is unique, and that the struggle over
the social rate of exploitation is reflected in the movements of the rate
of the profit, because m(¢*) is a monotonic function. In any case, the
important part of Theorem 7.1 is part (¢): that uniqueness and mono-
tonicity are not assured without some stringent assumption on utility
functions is a consequence of the weak relationship between prices
and values. This aspect of the transformation problem is studied fur-
ther in the next chapter.

Some further points must be mentioned. Notice that labor values
enter only into the definition of the social rate of exploitation, and ex-
changes are described only in terms of prices. In general, the individ-
ual rates of exploitation of workers will differ when workers choose
different consumption bundles: ¢; = (1 — Ayb;)/Ayb;. ¢* is an appro-
priate average of the individual ¢;. The notion of labor value is thus
useful in this formulation to discuss the social distribution of labor
time but not the individual renumeration of workers. This is a conse-
quence of discarding the subsistence bundle. Notice that the insight
that profits are possible only because social labor time exceeds socially
necessary labor time is clearly brought out, because 7 > 0 if and only
if ¢* > 0. (This is true even in the absence of Assumption A, as can
easily be shown.)
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It is important to point out that Theorem 7.1 does not imply that
the level of exploitation is set first at e*, and then prices, a profit rate,
and workers’ consumption bundles are determined. The statement is
rather one of the existence of a well-defined correspondence or a re-
lationship between the “two worlds.” If ¢* is thought of as a proxy for
the relative strengths of the two classes, then the theorem says: There
is a consistent reification of any relative class position into prices, prof-
its, and so on. The reason this remark must be insisted upon is that it
cannot be claimed that in actual class struggle the rate of exploitation
is the bone of contention at the bargaining table between workers and
capitalists. (That value magnitudes cannot be properly established
logically prior to prices is discussed further in Chapter 10.) Nor is it
claimed that the rate of exploitation is the best index of income distri-
bution. What is demonstrated is simply this: that a Marxian theory of
exploitation (that profits arise from surplus value) is valid independ-
ently of the labor theory of value as exchange theory. It is valid in-
dependently of the subsistence-wage concept. For this purpose, it
suffices to take the social rate of exploitation, ¢*, as a datum of the
problem, and to show how profits, prices, and consumptions are nec-
essarily realized according to the laws of capitalist reproduction (com-
petition).

Theorem 7.1 presents, then, an algorithm for what Marx referred
to as the law of value: that specific way in which a given distribution of
society’s labor time (as captured in the entity ¢) corresponds to a par-
ticular equilibrium of production and distribution of physical goods
through the market. This seems the most fruitful and consistent in-
terpretation of the Marxian law of value, the claim that (labor) value
“regulates” the market process. By contrast, it is not particularly
fruitful to view the law of value as a mechanism which sees to it that
commodities exchange at their labor values modified by various de-
viations.

It is finally possible to reiterate why the model used in this chapter
is of the simple circulating capital, no-joint-production type. If this
simple model is replaced with the most general production model of
Chapter 2, then the use of labor values as exchange magnitudes nec-
essarily evaporates, because there is no consistent way of defining
individual labor values in that case. (These problems are summarized
in Steedman (1977) for the von Neumann joint-production model.)
The point of this chapter, however, has been to argue for a reformu-
lation of Marxian value theory independently of the technical prob-
lems that arise in more complex models.

Briefly, the argument has been this: the cleftswitch of Marxian



The transformation problem 159

value theory has been the necessity of maintaining that exchange on
the labor market is an exchange of equivalents, in terms of labor val-
ues. Workers get a wage that commands, in commodity form, the
labor time embodied in their labor power. That is, labor value ex-
changes for equivalent labor value on the labor-power market. As
long as one insists on this interpretation, one is insisting on the labor
theory of value as an exchange theory, at least on the labor-power
market. This done, one can, of course, show that profits arise from
exploitation. The problem is that the principle, which was insisted on
to regulate exchange on the labor-power market, does not seem to
regulate exchange on other commodity markets: namely, labor value
does not exchange for its equivalent labor value on the automobile
market (unless organic compositions of capital are all equal). Thus,
even when Marxists defend Marxian value theory by saying that labor
values are not intended to be exchange values, the defense rings false,
because of the implicit use of labor equivalents exchange on at least
one market, the very important labor-power market. The reformula-
tion that has been proposed here to solve the problem has been this:
We discard the notion that labor equivalents exchange for each other
on any market. We do not define the value of labor power. We lose the
notion, therefore, of “fair” exchange on the labor-power market. The
laws of exchange are not fair in some sense of the exchange of some
abstract equivalent: They are governed by competition and class
struggle. Class struggle sets the distributional variable — whether this
is to be thought of as the wage, the real wage bundle, the profit rate,
labor’s share, or the rate of exploitation can vary in different models —
and competition regulates prices to allow capitalist reproduction con-
sistent with the distributional boundary condition of class struggle.
(Or, more generally, competition and class struggle co-determine
prices and wages.) The labor theory of value is discarded entirely as
an exchange theory but is preserved as a measure of exploitation.

74 The transformation problem

For Marx, relationships observed in the phenomenal world of prices
and commodities had to be explained by social relations between peo-
ple. The transformation problem in its more general form is the exhi-
bition of the correspondence between these two worlds; as such, it is
the subject of investigation of all volumes of Capital. Moreover, the
transformation problem can be cast in as many different molds as
there are disciplines in social science: There is a sociological transfor-
mation problem (the doctrine of commodity fetishism), a historical
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transformation problem (How does the correspondence in question
evolve as the mode of production changes?), a philosophical transfor-
mation problem (Which is real, the price world or the social world? In
what sense is there a causal relationship between the two worlds?),
and an economic transformation problem. Most writing on the sub-
ject views the problem only in its economic dimension.

Specifically, the economic transformation problem seeks to relate
the concepts of value and exploitation that describe the social world to
the commodity-based concepts of price and profit. This has given rise
to two exercises: the exhibition of (1) the functional relationship
between labor values and prices, and (2) the functional relationship
between exploitation—surplus value and profit-making —profits. It has
been argued in this chapter that problem (2) is the appropriate eco-
nomic translation of the transformation problem, and that problem
(1) is a nonproblem, a misconceived project, whose origin lies in an ef-
fort to think of labor values as regulating exchange in some important
way.

A simple conclusion follows from the approach of this chapter: Any
comparison of microdenominated value magnitudes to microdenom-
inated price magnitudes is misconceived. Only if our theory implies
some meaningful relationship of individual prices to individual labor
values would such comparison be interesting. The demystification of
the expropriation of surplus value is accomplished without any ambi-
guity concerning the relation of labor values to the exchange process.
The labor theory of value is used directly as an exploitation theory,
without going through the conduit of a labor theory of exchange to
get there. It is by understanding that workers’ power as a class is only
sufficient to command a fraction of society’s labor time that the locus
of expropriation is exposed. Why labor gets only a part of the product
is not addressed here, nor is it specified precisely through what eco-
nomic mechanisms class power becomes manifest.

7.5 Summary

It may be useful to summarize the points of this chapter, because the
theory put forth differs in some important ways from received
Marxian value theory:
The fundamental aspects of the Marxian value theory presented
are these:
1. The real level of consumption of workers as a class is determined
by their power as a class relative to capital and is not necessarily
limited to subsistence.
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2. Exchange of labor power for the wage is not characterized as fair
in the sense of an exchange of equivalents, but as determined by
class struggle.

3. The labor theory of value is preserved to define exploitation and is
discarded as a theory of microexchanges.

4. The commodity-price veil placed over social relations is removed
by seeing that class struggle and competition determine wages and
profits and that the latter can exist only with social exploitation.

5. There is no social insight gained from making comparisons of
microvalue-defined magnitudes to microprice-defined magni-
tudes: values to prices, sectoral surplus values to sectoral profits,
etc..

6. The Marxian “law of value” states not that labor values determine
prices, but that a given set of social relations is reified into a partic-
ular set of economic variables (prices, outputs, profits) in such a
way as to reproduce the system. This reification or realization
process of social relations into commodity relations is the process
by which value “regulates” price, or the law of value.

7. The rate of exploitation describes the social distribution of the
product but does not describe precisely the allocation of any indi-
vidual worker’s labor time between him and the capitalist.

8. The compatability of a choice mechanism of demand for workers
and a Marxian theory of social exploitation is shown explicitly.
These conclusions all follow from replacing the special subsistence

theory of wages by the general class struggle theory of wages. Once

this replacement is made, Marx’s implicit motivation for using the
labor theory as an exchange theory, at some level of abstraction, dis-
solves.



8 The transformation correspondence

8.1 Introduction

In the last chapter we proposed an interpretation of Marxian value
theory that views the transformation problem as being meaningful
only at an aggregate level. In this chapter we shall study more care-
fully a correspondence between the rate of exploitation and prices, in
a simple linear model. From studying this correspondence, we can see
accentuated some of the pitfalls of a misconceived microdenominated
value approach; we can also remark on the relationship between
“marginal utilities” and “class struggle” in the determination of rela-
tive prices, in a fairly quantitative way. As was exhibited in Theorem
7.1, we show that both subjective utilities and class struggle can be
thought of as having a role in determining prices. There is no logical
contradiction in admitting a place for both approaches, although one
might wish to choose between them on other grounds.

In Chapter 7, the utility functions of workers were fixed at some
specific set {u'}; now, we think of the utility function(s) as varying
and ask: For a given rate of exploitation, what relative prices can be
achieved as the utility function, or consumption basket, of the worker
varies?

8.2 The transformation correspondence

As in Chapter 1, we shall work in the environment of an » X n inde-
composable input—output matrix A. The » vector of direct labor coef-
ficients, L, is assumed to be semipositive. We denote a worker’s con-
sumption basket as b, in which case equilibrium prices satisfy:
p=(+m(pA+L) (8.1)
1=pb (8.2)

162
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The vector of labor values is
A =L{I - A)™ (8.3)

If we allow the consumption bundle to vary, the rate of profit
varies.

THEOREM 8.1: There is a continuous nonnegative function m(b), de-
fined on set 8 = {b| Ab = 1}, which assigns to a particular b € % the
equilibrium profit rate satisfying Equations 8.1 and 8.2. m(b) is strictly
monotone decreasing in each component.

Proof: This is a direct consequence of Theorem 1.1; monotonicity of
m(b) follows from that part of the Frobenius theorem which asserts
that the maximum eigenvalue of an indecomposable matrix is a
strictly increasing function of the entries of the matrix. Q.E.D.
Although the profit rate is a well-defined function of the consump-
tion bundle, it is not a well-defined function of the rate of exploita-
tion. That is, the rate of exploitation is
1 — Ab
Ab

and we have the following theorem:

e(b) =

THeOREM 8.2: If the organic compositions of capital of technology
{A, L} are not all equal, then, for any ¢ > 0, there always exist by, by, €
B such that ¢ = e(b;) = e(by) but m(b,) # m(b,).

Note. Theorem 8.2 says that we cannot conceive of @ as a single-
valued function of e, as b varies.

Proof: Choose b, € B and let w(b,) = m,. The set of consumption
bundles b giving rise to profit rate m, is

D= {blﬂ'(b) =1} = {b|P(771)(b - by) = 0} (8.4)
The set of consumption vectors that give rise to the same rate of ex-
ploitation as b, is

Eq(by) = {b|A(b ~ b,) = 0} (8.5)

From (8.4) and (8.5), Eq(b;) C D if and only if A = ap(m,), for some
scalar a@ > 0. But it is well known that values are not proportional to
prices unless (1) the profit rate is zero, or (2) there are equal organic
composition of capital in all sectors. Thus, we may conclude that
Eq(by) € D, and the theorem is verified. Q.E.D.
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Figure 4

What is the array of profit rates to which one rate of exploitation
can give rise? According to Theorem 8.2, we define the correspondence
(multivalued function):

Tl(e) = {w|3b € B s.t. e(b) = ¢ and w(b) = =}

We proceed to show that Il(¢) has a graph as depicted in Figure 4.
This is summarized in Theorem 8.3.

THEOREM 8.3
(/) w™®*(e) and 7™"(¢) are continuous functions.
() 7™**(e) and 7™"(¢) are strictly monotone increasing.
(#F51) wEX(0) = ™) = 0.
(v) I(e) is a positive closed interval for all ¢ > 0, if the organic com-
position of capital are not all equal.
©) liMeaw ™) = liMemeo T™2X(e) = 7r*
where 7™*(¢) and #™"(¢) are the functions defined by 7™*(¢) = max
II(e), m™"(¢) = min II(e), and #* is the maximal profit rate associated
with A. [That is, 7™#*(¢) is the largest profit rate that can correspond to
the rate of exploitation e.]
We first require a lemma:

LemMma 8.4: II(e) is a continuous correspondence.

Proof

(a) Upper hemicontinuity. Choose a sequence of exploitation rates
en —> ey, with m, € Il(e,;) and m, — m. It must be shown m, € Il(e).
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We have been given a sequence b, s.t.: m(b,) = 7, and e(b,) = e, for
each n, and b, € 8. Because {b,} lie in the compact set B, b, = b,. By
continuity of the function e(b), we have e(by) = . Because by € %,
m(by) is defined. By continuity of m(b), m(b,) = 7, = m(by) and so
m(by) = my. Hence my € I(ey).

(b) Lower hemicontinuity. Given a sequence e, —> ¢, my € Il(e). To
show
IH{mp} s.t. m, = mo and m, € I(ep)
We are given by s.t. e(by) = ¢y and m(by) = . Define
1

o = (en + 1)Abg
Notice that
1
= =
A(ayby) 1l 1

and so b, = aby are all feasible (i.e., are in %). Furthermore, e(b,) =
en and a, — 1. Thus b, = by and because # is defined on b,, by conti-
nuity m(b,) = m(by). Let m, = m(b,), and the required sequence is
provided.

From (a) and (b), Il is continuous.

Proof of Theorem 8.3: First, observe that the functions #™* and 7™,
the upper and lower boundaries of the graph, are defined. Because

T *(¢) = max w(b) 7"0(e) = min (b)
b s.t. b s.t.
e(b) = ¢ e(b) = e

the functions 7#™#*(¢) and 7™"(¢) are defined for all nonnegative ¢, be-
cause the set {b|e(b) = ¢} is compact.

Proof of

(¢) This follows from the maximum theorem of Berge, by Lemma
8.4, because Il is a continuous correspondence. (See Debreu,
1973, p. 19.)

(21) Choose e; > e;, and b§ s.t. #™*(eg) = mw(bg¥. Let

__ez+1
el+1

Let bj* = abg*. Check that e(bf¥) = ¢,. By definition, m™(¢,) =

<1
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w(b§). Furthermore, by the monotone decreasing property of
w(b) shown in Theorem 8.1, w(b}¥) > m(bg¥. Hence #™**(¢,) =
w(bf) > mw(bg*) = w™(¢y), as required. A similar argument dem-
onstrates w™"(¢) is also strictly monotone increasing.

(#2) It follows from Theorem 1.1 that #(0) = 0.

(2v) I(e) is the image under the continuous function # of the con-
nected set {b|e(b) = ¢}, and so II(e) is connected. Il(e) is thus a
bounded interval because 7™"(¢) and 7™#*(¢) are always defined.
II(¢) has positive measure for ¢ > 0 by Theorem 8.2, because it
has more than one element for ¢ > 0, if the technology is not of
the equal-organic-composition type.

(v) Itis sufficient to show that lim,—. 7™"%(e) = 7* because m™**(¢) =
m™(¢) and #™**(¢) = #* for all ¢, by definition of #*. (w* is the
least upper bound of feasible values of &, which exists by the Fro-
benius theorem. #* = 1/p — 1, where p is the dominant eigen-
value of A.) Choose a sequence ¢, — . Let b be such that

w(b) = m"(en)

Because ¢, — ©, Abf¥ — 0, and because A > 0 we must have
b} — 0. Define 7, = mw(b¥). We have p,(m,)b¥ = 1 for all n, and
so the sequence {pa ()} has at least one unbounded component.

Now suppose that 7, — 7** < #*. By continuity of the func-
tion p(m), we have p(m,) — p(m**). But this is impossible because
{p(ms)} has an unbounded component and p(#**) is a finite
vector. Hence lim m, = #*. Thus, by the monotonicity of 7™(e),
lim,_,. 7™"(¢) exists and equals #*. Q.E.D.

As an immediate result of Theorem 8.3, it is clear that the corre-
spondence achieves a maximum thickness at some value é. That is, the
continuous function u(e) = 7**(¢) — 7™"¢) becomes arbitrarily
small for sufficiently large ¢; so on a suitably large (compact) interval
[0, N], p achieves a maximum (at &) that must therefore be a global
maximum for g. Let us call the maximum thickness .

What determines the maximum thickness i? Clearly, some mea-
sure of the dispersion in the organic compositions of capital. In par-
ticular, if the organic compositions are equal to each other, then the
correspondence Il(¢) becomes a function, and the maximum thickness
is zero.

Because it is not easy to calculate fi, we introduce a related corre-
spondence, which associates to each value of labor power Ab, the
range of profit rates that can result:

M(v) = {w|3b € Bs.. Ab = v and m(b) = 7}
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2

Q,

-
=
)

0

Figure 5

1T is simply the correspondence I1 defined on the transformed vari-
able v = 1/(e + 1); that is,

ﬁ(e-il-l)gn(e)

The graph of [I(v) is depicted in Figure 5. (This follows immediately
from Theorem 8.3.) As before, the degree of thickness of I is a reflec-
tion of the dispersion in the organic compositions of capital. This
time, we consider the maximal horizontal thickness, achieved at # in
Figure 2:

? = max {v™*(mr) — v™"(m)}

where v™**(rr) is the function that assigns to a given profit rate 7 the
maximal value of labor power, Ab, consistent with it as b varies
over .

We can now prove the following theorem.
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THEOREM 8.5: The maximal thickness 7,

? = max {v™*(7r) — v™"(7)}

is equal to

U = maX -
i,4.m pg (71') p, (71')

where p(m) = (1 + #)L[I — (1 + m)A]™! and A; and pi(w) indicate the
ith components of A and p(w).

Note that p(r) is simply the price vector that corresponds to a profit
rate 7, according to Equations 8.1 and 8.2.

Theorem 8.5 asserts that the maximum horizontal thickness of fl(v)
is precisely the maximal possible dispersion in the value—price ratios
among sectors. Because the value—price ratio dispersion is a conse-
quence of the inequality in organic composition, we see the relation-
ship between the thickness of the correspondence [I(v) and organic
compositions. Put another way, the thickness of the correspondence is
a precise measure of the degree of “failure” of the micro “transforma-
tion problem,” rigidly interpreted as the proportionality of prices and
values.

Proof of Theorem 8.5: To find v™**(mr), for = fixed, we solve the linear
programming problem:

choose b to

max Ab

s.t. p(mb =1
or

maxAb

st p(mb = 1

—-p(mb = -1

whose dual problem is

min(y; — y2)

s.t. (31— 3)p(m) = A

The dual solution is clearly

A
‘ and so v™@X(7r) = max

A
bi(m) t pilm)

ﬁ—ﬁ=m§
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by the fundamental theorem of linear programming. In like manner,
it is shown that

A xi . Aj
and so ¢ = max {max — min

i p(m) i pi(m)

A
v™"(7r) = min —-

t pulm)

from which the theorem follows.

Because the study of the correspondence 1 (or I) is of use in the
classical question of value-price ratios, it may be convenient to state
the content of Theorem 8.5 in a slightly different form.

COROLLARY 8.6: Let 7 be a rate of profit and p(w) be the associated
price vector. Then the maximum and minimum value—price ratios
over the n sectors are
a 1
m =
t pm)  eqn + 1
.Y 1
min ="
i py(m) emax + 1
whose ¢pax and ep;, are the maximum and minimum rates of exploita-
tion consistent with a profit rate of #. That is,

X —

emax = max {e(b)}
b s.t.
p(mb =1

Proof: This is a restatement of part of the proof of Theorem 8.5. It
was shown there that

A
v™X(7r) = max
() pi()
but
1
max - -
U =

One way of viewing Corollary 8.6 is as a generalization of the easily
computed fact that, if the organic compositions of capital are equal,
then

A_ 1
p_e+1

(That is, the vectors A and p are proportional.) Corollary 8.6 asserts
that in general there is a double inequality that holds for any e that
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can correspond to a given equilibrium price vector:

A, .Y
max — = = min =
e+l 1 h

and that, furthermore, this double inequality is as sharp as possible,
for there exists a value of ¢ for which either of the inequalities be-
comes an equality.

8.3 Some applications of the transformation correspondence

Quantitative questions concerning the “transformation of values into
prices” can be answered by examining the transformation corre-
spondence. In particular, the severity of the violation of the rigid no-
tion that values are proportional to prices is given by the maximum
thickness of the correspondence II or II that has been studied. Be-
cause the perspective put forth in the previous chapter directs our
attention away from examination of price—value ratios, we shall not
concern outselves further with this here. There are, however, two im-
portant applications of the transformation correspondence that we
shall discuss.

Marginal utilities versus class struggle

Let us think of the rate of exploitation as fixed at a value e. We ask:
What vectors of relative prices can correspond to rate of exploitation
e? This is equivalent to asking what profit rates can correspond to e,

because prices are uniquely determined from the profit rate ac-
cording to

p(m = (1 + m)L{I — (1 + m)A]™?

Given the rate of exploitation, variations in 7 take place because
workers could consume a variety of consumption vectors b, each
giving rise to a rate of exploitation e. We might think of different util-
ity functions giving rise to different fixed demands b. By looking at
Figure 4, we see that for very large or very small rates of exploitation,
marginal utilities have very little influence on relative prices — in the
precise sense that the range of #’s, and hence prices p(w), is very lim-
ited for large and small e. Also, the effect of subjective demand on rel-
ative prices is greater if the dispersion of the organic compositions is
greater: If the organic compositions are all equal, then Il(e) is a func-
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tion, and marginal utilities have no effect on prices, once the rate of
exploitation is fixed.

It should be pointed out that workers do not actually optimize (if
they have utility functions) by maximizing u(b) with respect to a con-
straint that requires them to consume at a certain rate of exploitation.
They optimize constrained by the wage. Hence the point in the above
paragraph is not a behavioral one; it is, rather, an aggregate observa-
tion. If we wish to view the Marxian law of value as asserting that the
rate of exploitation “determines” prices a la Theorem 7.1, and we
wish to conceive of the marginal utility approach as saying that de-
mand has an influence on prices, then the thickness of the corre-
spondence Il(¢) enables us to evaluate the relative importance of the
two causations. We see that marginal utilities are important only in-
sofar as the rate of exploitation is not too high or too low, and the
organic compositions of capital are dispersed.

There are other ways that demand can influence price, of course.
Notably, if there are scarce resources such as land in the system, or,
more generally, techniques for operating sectors that can be operated
only at finite activity levels, then the level of demand determines the
array of techniques that will be used, and hence influences relative
prices through differential rent. (That is, if the demand for corn is
high, inferior land is drawn into production, thus changing the rela-
tive price structure from what it would have been with a lower level of
demand.)

Differential exploitation and unequal exchange

Suppose that there are two groups of workers: workers of the first
type receive a consumption bundle b, , and workers of the second type
receive a consumption bundle b,. The wage each worker type receives
is just sufficient to purchase the required bundle. We may suppose
that the workers are distributed in different proportions throughout
the different sectors:

n} = the fraction of workers in sector i who are type j, fori = 1,n;j=1,2
Define
wt = nl + wn} i=1n (8.6)

as the average (daily) wage paid in sector ¢. Let W be an n X n diag-
onal matrix whose diagonal elements are w', i = 1, n. Then LW is the
row vector of wages paid for production of one unit of each sector’s
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output. The price equations become

p=(1+mpA+L1W) (8.7)
= pby (8.8)
w = pb, (8.9)

(Note: We have normalized by setting the wage of the first worker type
equal to unity.)

What we show below is that it is possible for the second worker to
receive the higher wage, w > 1, but to be simultaneously more exploited
than the first worker - e(by) > e(b;). This pathology results precisely
because of the nonzero thickness of the transformation corre-
spondence.

First, we must show that equilibrium prices exist in this model:

THEOREM 8.7: Given a distribution of workers {n}} and the technology
{A, L}, there exist continuous functions m(by, by), p(by, by), w(by, by)
defined on the domain # x @B, where B = {b|Ab = 1}, satisfying
Equations 8.7-8.9. Furthermore, #(by, b;) Z 0 and &(by, by) = 0 if
and only if Ab; = Ab, = 1.

Proof: Define N; for j = 1, 2 to be the n X n diagonal matrix with ele-
ments nj along its diagonal. Then, from (8.6),

W =N, + wN, (8.10)

defines the wage matrix where w is the wage of the second type of
worker.

Given (b;, b;) € B X B, we seek a vector p and profit rate 7 such
that

p = (1 + mp(A + b,LN; + b,LN,) (8.11)

[Equation 8.11 follows from substituting (8.8), (8.9), and (8.10) into
(8.7).] Because A is indecomposable, so is M = A + b;LN; + b,LN,;
by the Frobenius—Perron theorem, it follows that p is the unique posi-
tive eigenvector associated with the dominant eigenvalue, p, of the
matrix M and # = 1/p — 1. The scale of p is chosen by (8.8), and the
value of w follows from (8.9). Hence functions p(by, bg), w(b;, by),
and m(b;, bz) have been shown to exist; they are continuous, because
it is known that the eigenvector and dominant eigenvalue of a non-
negative matrix are continuous functions of its elements.
It remains to show #w(b;, b;) 2 0. By definition of M,

AM=AA+L=A (8.12)
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If 7(b,, by) < 0 then, because p = (1 + m)pM,
P <pM (8.13)

From (8.13) it follows that M possesses a right eigenvector, x > 0,
such that

x < Mx (8.14)

From (8.14) it follows that Ax < AMx; however, from (8.12) it
follows that Mx = x, a contradiction. Hence m(b,, by) = 0.

Finally, if Ab, = Ab, = 1, then (8.12) becomes an equality and
A = AM; hence the dominant eigenvalue of M is unity and # = 0
follows. Conversely, if # = 0, then p = pM and there exists x > 0
such that x = Mx. Thus Ax = AMx. If, however, Ab, < 1, say, then
AM = A, which would imply that AMx < Ax. Thus, = = 0 implies
that Ab; = 1. Q.E.D.

We next demonstrate that if any component of by increases, then
the relative wage of the second worker increases.

LemMa 8.8: w(b,, by) is a strictly increasing function in any compo-
nent of by.

Proof: From (8.7),

-1

p=LW(1:_"I—A> (8.15)
Let 5 be a component of b,. The functions p(b;, bs), w(b,, bs), and
m(b,, by) are in fact differentiable, and from (8.15),
ap _ AW (; _ )—' (_l_ _ )‘2 20m g
abs a4 l+7r1 A + LW 1+"1 A 1+ m) abi (8.16)
We know that d7/dby < 0; because the matrix M is indecomposable,
any increase in its elements increases its dominant eigenvalue and de-
creases 7. Suppose, now, that dw(b,, b;)/dbi = 0 at some point
(by, by) € B X B. Then o(LW)/obi = 0. It follows from (8.16) that
op/dby < 0 at that point. This, however, is impossible, because
p(bi,by) - b, = 1. It follows that dw(by, by)/db >0 as re-
quired. Q.E.D.

It can now be established that the wage pathology referred to
occurs:

THEOREM 8.9: There exist pairs of bundles (b, by) such that e(by) >
e(by) and w(b,, by) > 1.
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Proof: We know that there exist bundles b; and b, of different (labor)
values, both satisfying Equations 8.17-8.18 for the same 7

p=(l +m(pA +1L) (8.17)
l=pb; ;=12 (8.18)

(Say, Ab; < Ab;.) Note that this is equivalent to saying that I(b;, b,)
s.t. w(b;, bg) = 1 and Ab, < Ab;. By Lemma 8.8, a small increase in
any component of by (call the new vector by) will render w(b,, bz)
> 1; the adjustment can be sufficiently small thatAb; < Ab,;. Q.E.D.

We might say that Theorem 8.9 shows a naive transformation intui-
tion is incorrect — that workers who are paid higher wages are ex-
ploited less. Clearly this pathology can exist because of the thickness
of the transformation correspondence. We now show this precisely, in
this sense: that for the pathological situation to occur, the values of
labor power of the two worker types must differ by less than 9, the
maximum thickness [I(v) studied in Section 8.2.

TueoreM 8.10: Let v, = Aby, < Ab, = v; and w(b,, b;) > 1. Then
v — U < 1.

Proof: Recall the definition of the function v(b) = Ab.
Let b; be chosen s.t.

by=b, by=b
Then
w(bl»ﬁz) = p(b,, l?’2) : l?’2 < p(by, l;2) -by =1

Itis given that w(b,, by) > 1. Hence, by continuity of the function w,
there exists by s.t.:

b,<b,=<b, and w(by, by =1
Notice that by choice of Bg and the given pair (b, b,):

v(bz) < v(by) < v(by) (8.19)
Because w(b,, Bg) =1, b; and Bg each satisfy equations of the form
(8. 17)—(8.1§), for some constant 7. In terms of correspondence 11, we
have = € M[u(b))] N II[u(by)]. Hence, by definition of ¥, u(by) —
u(bg) = 9. By (8.19), it follows that v(by) — u(by) < 3. Q.E.D.

Thus, the thickness of the correspondence M (v) gives a precise mea-
sure of the possibilities of differential exploitation pathology: that the
more exploited worker is paid the higher wage.

What is the significance of this phenomenon? It can be taken as an
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example indicating the misconception of treating labor values as in-
struments for evaluating micro phenomena, following the discussion
of the previous chapter. In this case, even disaggregating into two
groups of workers can lead to a nonsensical result if microvalue analy-
sis is used. But there is another reason for working out this particular
example in such detail: It illustrates a fallacy of the international trade
model known as unequal exchange (see, for instance, Immanuel,
1972). The general claim of the unequal exchange model is that
(labor) value is expropriated from countries in the periphery through
exchange with countries in the core because the workers in the core
are paid higher wages than workers in the periphery, from which it is
thought to follow that workers in the periphery are more highly ex-
ploited. (The assumptions of a uniform profit rate and prices in core
and periphery are maintained, as in the model here.) The pathology
demonstrated above shows the incorrectness of the logic of the
unequal exchange argument, for we have exhibited an example of a
wage profile that is associated with an exploitation profile of the
“wrong” order. More basically, the unequal exchange argument is
based on a comparison of microdenominated price magnitudes and
microdenominated value magnitudes; as such, it should come as no
surprise that it must be logically fallacious, following the discussion of
Chapter 7.

This is not to say that unequal exchange cannot be a meaningful
description of trade relations between core and periphery. But the
understanding of such a phenomenon will not be furthered by a com-
parison of microdenominated value and price magnitudes.

8.4 Summary

The transformation correspondence is a device that permits an analy-
sis of the relationship between prices of production and labor values
when workers have utility functions that can vary over time or across
workers, or different workers have different subsistence bundles, if
that terminology is preferred. Two applications of the device have
been examined here. Pitfalls arise if too literal an interpretation of the
classical transformation problem is adhered to — wages may not be
inversely related to the degree of exploitation as one might expect. If
one accepts the treatment of the transformation problem of Chapter
7, this is not bothersome, for it was maintained that one should not try
to make microeconomic comparisons of value-denominated and
price-denominated concepts. This chapter has shown, in the same
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vein, that the comparative statics of the rate of exploitation may be
pathological. These pathologies all arise from the same source: the
nonproportionality of labor values and prices.

The resolution that has been proposed to these pathologies is to use
the value concept of exploitation only to assert the existence of the ag-
gregate phenomenon of exploitation. One can be led astray by trying
to use the rate of exploitation, and labor values, for finer observa-
tions, whether they be about particular sectors of the economy, or the
comparative statics of different economies. Alternatively, one might
wish to construct a theory of exploitation that is independent of the
particular subjective preferences workers hold. This can be done, but
it is beyond our scope here.



9 Simple reproduction, extended
reproduction, and crisis

9.1 Introduction

In the general equilibrium model of Chapters 1-3, some of the criti-
cal features of a capitalist economy that are responsible for crises are
absent. The purpose of those chapters was to study Marxian value
theory; the questions of crisis can be studied somewhat independently
of that theory. In this chapter, a model is proposed that permits an
exposition of various Marxian and neo-Marxian crises: in particular,
the profit-squeeze crisis, the realization or underconsumptionist
crisis, and the fiscal crisis. To do this, we need to introduce a distinc-
tion between ex ante and ex post investment and savings, a government
sector, and a reserve army of the employed.

The chapter begins with an exposition of a model of Marxian
simple reproduction, and then proceeds to study extended reproduc-
tion. We do not propose that the models studied in this chapter are
definitive, or that the ideas lying behind them are original. In fact,
more than the other chapters, this chapter represents only a “founda-
tion” to a study of an aspect of Marxian economics, rather than an ex-
tension or elaboration of a body of Marxian theory. Some of the most
important attributes of capitalism, which contribute to crises, are not
modeled here, such as the role of money. Thus, the chapter should be
taken simply as an exposition of some of the classical Marxian ideas.
Even this, however, can contribute to our ability to develop a cogent
crisis theory, as the classical Marxian crises have nowhere been system-
atically presented as the possible outcomes of one macroeconomic
model, to my knowledge.

Finally, no attempt is made to include a falling-rate-of-profit crisis
in the model of this chapter. Readers of Chapters 4-6 are aware of
the reasons for this apparent omission.

177
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9.2 Simple reproduction

In this section, we present a model of simple reproduction that builds
upon Theorem 7.1 of Chapter 7. In that theorem, it was shown that
for a given level of social exploitation e*, there is a price system that
equilibrates the economy, allowing each worker to consume his or her
choice of goods subject to the wage constraint. We now introduce cap-
italists, and endow them with utility functions. Capitalists, naturally,
get the surplus product. Question: Does there exist a price system, for
a given social level of exploitation ¢*, that equilibrates the system in
the sense that every worker gets his or her choice of consumption
goods, subject to the wage constraint, and every capitalist gets his or
her choice of goods, subject to the profits constraint? In simple repro-
duction - that is, reproduction without growth — this is the natural
question to ask. The theorem of this section answers this question in
the affirmative.

We now set up the apparatus for this theorem. Reviewing the
model of Chapter 7, let:

A; be the n X n productive, indecomposable matrix of physi-
cal input-output coefficients in department I, capital-
goods industries

Ay be the n X r input—output matrix for department II,
consumption-goods industries

P1. Pu be the row price vectors for the two departments

b, be the 7 column vector of consumption goods for the ith
worker

w(b) be the utility function for consumption goods for
worker

L;, Ly be the row vectors of direct labor inputs for the two de-
partments

@ be the rate of profit on circulating capital and wages (there
is no fixed capital: All capital circulates in the period of
production)

Aj, Ay be the vectors of labor values for the two departments

N be the number of workers in the economy

The labor value vectors are defined by:
A =Ll -A)T? .1
An = AAp + Ly (9.2)
The social rate of exploitation is

ol _ N - An(z bi) 9
‘ @1 b) = e ©9
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(The unit for denominating working time and the consumption
bundle is one working day, of constant magnitude.) The money wage
is taken as numeraire, and the price—profit rate equations are

p =1+ m)(pA + Ly (9.4)

Pu = (1 + m)(p1An + Ln) (9.5)

The social rate of exploitation will be taken as given at some level, ¢*:

e(Z by) = o* (9.6)
Workers choose goods to satisfy their needs according to

Vi, b; maximizes w(b;) subject to pyb; = 1 (9.7

(pub: = 1 is the budget constraint, because the wage is unity.)

As in Chapter 7, ¢* is taken as the exogenously specified social rate
of exploitation. However, capitalists will now demand goods as well as
workers, and there will be no accumulation: Profits are consumed en-
tirely by the capitalist class. Capitalists choose goods by using utility
functions v;. For simplicity, it is assumed that there is one capitalist in
each sector. It is also assumed, for simplicity, that full employment
prevails. Unemployment and the reserve army are introduced in the
model of extended reproduction.

If x; and xy are the column vectors of outputs in the two depart-
ments, then the labor demand equation is

L]Xl + Luxu =N (98)

Let the ith capitalist consume a bundle of consumption goods f;.
Then total demand for consumption goods is

N N
xp=3 b+ f (9.9)
1 1

Capital goods are needed only to produce consumption goods, be-
cause there is no accumulation. The demand for capital goods is thus
composed of a final demand for production of consumption goods
and an intermediate demand for production of capital goods:

x; = Ax; + Ag(2 by + 2 ) (9.10)
Profits in sector ¢ are defined as

IT' = w(pa'x' + LixY) (9.11)
where L! and «' are the ith components of the vectors L and x, and a'is

the ith column of the appropriate A matrix.
Capitalists choose goods according to

Vi, f; maximizes v;(f;) subject to pyf; = I (9.12)
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The system of equations 9.1-9.12 specifies a Marxian system of
simple reproduction at the social rate of exploitation ¢*. The next
theorem asserts that a complete equilibrium in fact exists.

THEOREM 9.1 (Simple reproduction): For any nonnegative number ¢*,
an equilibrium {m, p;, pu, by, . . . , by, fi, . . ., fy, X;, Xy} exists
fulfilling Equations 9.1-9.12. We assume, in addition, Assumption A
of Chapter 7.

Before proving Theorem 9.1, let us review its meaning. Theorem
9.1 may be viewed as an extension of the “law of value” (of Theorem
7.1) to include the problem of how the surplus product is disposed of
by capitalists. For any given level of the rate of exploitation ¢*, there is
a system of equal-profit-rate prices that allows the system to repro-
duce (simply) in the following sense: The outputs produced will be
such that the prices are market-clearing, where demands expressed
on the market are for workers’ consumption goods, capitalists’ con-
sumption goods, and intermediate capital goods.

We can put the present model into the context of the other models
studied in this book thus far, as follows: the Sraffian model (Sraffa,
1960) studies only the conditions for price equilibrium, ignoring the
output side of the economy; the model of Chapters 1-3 and of
Chapter 7 requires outputs (and demands) to be considered insofar as
workers’ demands are concerned - that is, the market for workers’
consumption goods clears in these models; the model stated here ac-
counts, as well, for the demand of capitalists. Thus, the model of
simple reproduction is the simplest model in which account is taken of
the disposition of all outputs. Marx’s approach was to study first this
simple case, when all net output is consumed, and then to introduce
the problem of accumulation. We follow the same procedure.

Proof of Theorem 9.1: As a first step, notice that once e* is given, then
Pi, Pu, @, and by, . . ., by are determined according to Theorem
7.1. This follows from (9.1)-(9.7), which are identical to the specifica-
tions of Theorem 7.1. Assumption A enables us to determine
by, . . ., by uniquely.

As a next step, it is useful to show that total capitalists’ consumption
is equal in labor value to total surplus value. Let total capitalists’ con-
sumption be called F = 2 f;. Equation 9.10 can be inverted to solve
for x;; substituting this expression for x; and Equation 9.9 into Equa-
tion 9.8 yields

L -A)"Ay + Ly} b+ F) =N
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From the value equations (9.1), (9.2), it is seen that the expression in
the first set of parentheses is.simply Ay, and so

AgF = N — AB 9.13)

where B = X by, which says that the value of capitalists’ consumption
is total surplus value.

Now B is already determined, because ¢* is given. Hence F must lie
in the compact convex set, H, defined by (9.13):!

H=1{FZ0|AF = N — A;B}

The proof proceeds by constructing a function ¥: H — H and pro-
ducing a fixed point that equilibrates the system.

Choose any F € H. Recall that {m, p;, py, by, . . . , by} are already
determined. From (9.10), a vector x;(F) is generated consistent with F
[i.e., substitute F for X f; in (9.10)]. From (9.9), a vector x;(F) exists.
Substituting these output vectors in (9.11) generates sectoral profits
II{F), for each i. According to (9.12), there is a choice f; such that
pufi = IIY(F), for each i. Define F' = X f;. Now shrink or stretch F’
into H by defining

F' = aF

where a > 0, F" € H. (Such an a clearly exists.) A function ¥: F — F’
has been defined on the compact, convex set H, and hence by
Brouwer’s theorem a fixed point, F*, exists.

As in the proof of Theorem 7.1, to show that F* equilibrates the
system it is necessary to show that the scale factor a associated with F*
is unity. We know that F* determines individual £ for all  and by def-
inition F*' = 2 ¥ and so ppF*' = 3 pufi* = II(F*), total profits. If it
can be shown that pyF* = II(F*), then it will follow that @ = 1, be-
cause pyF* = pyF*". The proof of the theorem is therefore com-
pleted by use of the following lemma.

LemMa 9.2: pyF* = TI(F*)

Proof: (Note: The notation II(F*) is meant to convey that the value of
total profits [II(F*)] is that value which results from plugging F* into
(9.10) and proceeding along the sequence of steps used to define the
mapping ¥, until Il is defined. x(F*) and xy(F*) have similar
meaning.)

Post-multiplying Equations 9.4 and 9.5, by x(F*) and xy(F*),
respectively, and adding gives, after substitution from (9.10) and
(9-8),

pixi(F*) + puxa(F*) = (1 + m)[px((F*) + Lixy(F*) + Lyxy(F*)] (9.14)
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From (9.13) and (9.8), it can be shown that
Lix(F*) + Lyxy(F*) = N = pyB
and hence
pixi(F*) + puxp(F*) = (1 + 7)[px(F*) + puB] (9.15)
Subtracting pix,(F*) + pyB from both sides of (9.15) yields
pulxu(F*) — B] = #[px(F*) + puB]
However, x,(F*) — B = F* by definition, and so
puF* = #[px,(F*) + puB] (9.16)

But the right-hand side of (9.16) is seen to be II(F*).2 The lemma
follows.

Hence, the scale factor e is unity for F*; thus, the individual capital-
ist’s consumption vectors {f¥} equilibrate the entire system. Q.E.D.

This model of simple reproduction tells us, simply, that its specifi-
cation is consistent in the sense that it is possible for the system to re-
produce itself in a stationary state at “any” level of exploitation.
(“Any,” because above a certain rate of exploitation, workers will not
get sufficient goods to survive; and below a certain level, capitalists
starve.) Note that regardless how the determination of prices is re-
solved (as between the causal importance of workers’ utilities or the
social rate of exploitation - see the discussion of Chapter 8), capital-
ists’ marginal utilities play no role in price and profit-rate determina-
tion. A different specification of the utility functions v; can only shift
the composition of output. Of course, in equilibrium, capitalists
equate their marginal rates of substitution to price ratios, through
(9.12).

9.3 Extended reproduction

It is in extended reproduction that the essence of capitalism, from
Marx’s point of view, is seen: the drive to accumulate. Qut of profits a
certain portion is set aside for new investment. In the model pre-
sented now, three modifications of Marx’s schematic models are
added: (1) Full employment is not assumed, and the unemployed act
as an industrial reserve army to exert upward pressure on the social
rate of exploitation; (2) unemployed workers do not starve or disap-
pear, but are provided a minimal subsistence bundle by the state,
which is financed through a tax on profits; (3) capitalists do not auto-
matically reinvest their profits net of consumption.
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Before writing down the formal model, a verbal synopsis of its
workings will be given. Suppose that there are N* workers, and N are
employed at a given moment. This gives rise to an industrial reserve
army of the unemployed, N* — N, which affects the bargaining
strength of workers. Thus, the rate of exploitation will be postulated
to be inversely related to the rate of employment. A given level of em-
ployment N thus gives rise to a rate of exploitation which in turn gives
rise to a system of prices and a before-tax profit rate, through the
mechanism of Theorem 7.1. However, the government now sets a tax
rate on profits that is just sufficient to provide goods in some subsis-
tence amount to the unemployed. This gives rise to an after-tax profit
rate. Clearly, then, unemployment is a double-edged sword for the
capitalist class: On the one hand, a high level of unemployment in-
creases the before-tax profit rate; on the other hand, it increases the
tax rate and therefore decreases the after-tax profit rate.

We shall suppose that capitalists save a certain fraction s of their
profits. They always consume fraction (1 — s) of their profits, but they
do not automatically invest what is saved. Savings may take the form
of planned investments, or they may accumulate as unwanted inven-
tories. An acceptable simplifying assumption would be to set s = 1,
and we do that in the simplified model of Section 9.4.

A given level of employment gives rise to a certain after-tax rate of
profit. It can be shown that this after-tax rate of profit is also the achie-
vable growth rate g of the economy divided by the capitalists’ savings
propensity s; that is, in balanced growth, a surplus of goods over cur-
rent consumption and replacement requirements accumulates at rate

w. (This is the so-called Cambridge equation.) However, capitalists
also desire or plan to accumulate at a certain rate, g”, and in the model
we postulate that rate to be a function of the after-tax profit rate. This
planned accumulation function of capitalists will be discussed more later.
In general, the achievable growth rate and the planned growth rate of
the economy will differ. This gives rise to a dynamic. If g > g%, then
growth is occurring faster than capitalists are willing to sustain, and
unwanted inventories begin accumulating; capitalists lay off workers.
If g% > g, then capitalists wish to grow faster than they are achieving,
and they hire on more workers. An equilibrium for the system is a
level of employment N at which planned and achievable growth rates
coincide. This is the form that the equalization of ex ante investment
decisions with ex post investment takes in this model. When the
economy is not in equilibrium, it is either increasing its employment (a
boom), or decreasing it (a crisis), according as g” > gor g > g”. Thus,
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a study of this model should enable an exposition of several of the
Marxian crises.

We proceed to formalize the model now, as a model of balanced
growth. It is possible to present this as a many-sector model, as in the
previous section; however, it is felt that the simplicity of an aggregate
model is desirable at this point, because the additional complications
of a reserve army, a tax rate, and a planning function have been
added. Hence, we shall develop the model as a two-sector model,
where sector 1 (or department 1) is the capital good and sector 2 is the
consumption good. This will allow us to dispense with workers’ utility
functions, as a given wage will permit workers only the leeway to de-
cide on a level of the consumption good to be consumed. In the
fourth section of the chapter, an even simpler one-good macro ver-
sion of the model is presented, which allows more explicit computa-
tion.

The technology for sector 1 is specified by a pair (a,y, L,), where a;,
is the input of good 1 needed to operate sector 1 at unitlevel, and L, is
the amount of direct labor required. The technology for sector 2 is
(a12, Ly), where a,, is the input of the capital good of sector 1 into the
operation of sector 2. Prices are p; and p,. Let ¢ be the tax rate on
profits, which will be necessary to support the unemployed. Then the
after-tax profit rate in sector 1 is

_ (a1 - t)[l’l = (pran + L]
17 =
P10 + Ly

which in equilibrium must be the same as the after-tax profit rate in
sector 2. This leads to the price equations:
= (1 +ﬁ) (pran + Ly) (9.17)

w

b= (1477) (s + Lo 9.18)

where #/(1 — t) is the before-tax profit rate.
The workers’ budget constraint is

pb =1 (9.19)

where b is the level of consumption of the consumption good.

In this two-sector model, there is no need to introduce workers’
utility functions, because there is no choice possible among consump-
tion goods. The level of b shall be set by the balance of class forces (the
industrial reserve army-rate of unemployment), which will be
brought into the picture later.
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The output vector (x,, x;) satisfies
x1 = anp(l + @x; + ap(l + gxe (9.20)
xg = L1 + g)xy + bLao(l + @xy + bo(1 + @(N* = N) + (1 + gF  (9:21)

where g is the balanced rate of expansion of the economy, b, is the
level of consumption of the unemployed worker, and N* — N is the
number of unemployed. Equation 9.20 says that, if the output of the
economy is to grow at rate g, then the production of good 1 today
must be precisely at a level that will provide capital goods at a factor
(1 + g) times what is required for today’s production. Equation 9.21
says that the production of the consumption good must be at a factor
of (1 + g) times today’s demand, which consists of four parts: the con-
sumption requirements of workers employed in sector 1, which are in
amount bL,x,; the consumption requirements of workers employed
in sector 2, which are bL,x;; the consumption requirement of unem-
ployed workers, by(N* — N); and capitalists’ consumption. Each
unemployed worker is provided with a subsistence level b, of the con-
sumption good by the government.
The labor demand condition is

lel + LzXz =N (9-22)

Before-tax profits are

2
IT = 2 [pe — (@upy + L] x (9.23)
1

Time in this model works in the following way: Goods are produced
in this period and used in the next period. This applies to both con-
sumption goods and capital goods, as can be seen from (9.20) and
(9.21). Similarly, income and expenditure must be arranged so that
income from this period is used to buy goods next period.

In particular, the tax rate ¢ on total profits must be set so as to
enable the unemployed next period to buy their subsistence; that is,

tIl = (1 + (N* — N)pabe (9.24)

where it is assumed that the rate of growth of the unemployed is also
g. (More on this later.) Similarly, because capitalists are assumed to
have a uniform savings propensity, s, out of after-tax profits, their
budget constraint for consumption, as a class, is®

(1 = s)(1 = 011 = po(1 + gF (9.25)

Finally, the class-struggle equation is

f(R5)=e r<o (9.26)
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The employment rate is inversely related to the social rate of exploita-
tion — that is, the rate of exploitation of the employed workers, as pre-
viously defined. It is (9.26) that incorporates the effect of the indus-
trial reserve army. Notice that in this two-sector model, once N /N*is
specified, b is completely determined through (9.26) and the defini-
tion of e.

All equations of the model have now been supplied except the capi-
talists’ planning function, which relates the planned rate of accumula-
tion to the after-tax profit rate. For the moment, we shall not intro-
duce that function, but shall solve the system represented by
(9.17)—(9.26). This is equivalent to assuming that capitalists will auto-
matically invest what is left over of the surplus after their consump-
tion needs.

Before stating the theorem, we must explain the necessary and suf-
ficient condition for the solution of the system. Let a rate of employ-
ment, r = N/N*, be given. According to (9.26), this determines a rate
of exploitation, ¢, of employed workers. This, in turn, determines a
consumption level b(r) for employed workers, which we therefore
write as a function of r. Clearly a necessary condition for the system to
possess a solution is that the number of workers employed be capable
of producing sufficient goods to feed themselves plus the unem-
ployed. In labor value terms this may be stated as

N = Ay[Nb(r) + (N* — N)by]

or
7 Z Anlrb(r) + (1 = 7)bo] (9.27)

This condition is also sufficient for the existence of an equilibrium.

We shall now state the theorem asserting the existence of a solution
to this system, recalling that at this point we are still working under
the confines of Say’s law, as we assume any surplus is automatically in-
vested by capitalists.

THEOREM 9.3 (Extended reproduction with Say’s law): Let N/N* = r
be any rate of employment such that:
7 Z Anlrb(r) + (1 — 7)bo] (9.27)

Then there exists a unique equilibrium {p,, pe, 7, ¢, b, F, x;, %} to the
economic system (9.17)—(9.26). Conversely, if there exists such an
equilibrium, (9.27) must hold.

Before proving this theorem, let us review its interpretation. It as-
serts that, within a certain range of employment rates, any employ-
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ment rate is consistent with extended reproduction of the economy —
where unemployed workers must be fed by a tax on profits, and capi-
talists consume and accumulate out of the surplus. If the employment
rate r gets too close to 1, perhaps the demands of workers, b(r), will be-
come so high that the economy can no longer reproduce; and if r be-
comes too small, there will be so many unemployed that the few em-
ployed workers will not be able to produce enough for themselves and
the unemployed, let alone any surplus for capitalists. These are the
two causes of failure of inequality (9.27).

Before proceeding to the proof, it is convenient to show that a
well-known relationship among g, s, and # is embedded in the model,
although there is no explicit formulation of the relationship between
the rate of accumulation (g) and the after-tax rate of profit () in the
equations. It is not surprising that the familiar Cambridge equation
emerges, which is the content of Lemma 9.4:

LEMMA 9.4: From (9.17)-(9.25), it follows that g = s.

Remark. Because this equation is a very general property of growth
models, its veracity here may be taken as a check that the dating of in-
comes and expenditures has been consistently done.

Proof: Let the present period be period 0 and next period 1. Then
II(1) = (1 + @II(0) in balanced growth and hence

2
Q) =3 [ = (@aupr + L1 + g
1

=(1+g [p,x, + poxe — 1 (1_-1I-§ x,) - N] fusing (9.20) and (9.22)]
—gp- X+ plwa — (1 + gNB]  [using (9.19)]

From (921), it is seen that x;— (1 +gNb=(1+g
[F + by(N* — N)] and so

(1) = gp - x + po(1 + @ F + po(1 + g)bo(N* — N)
=gpx + (1 = s)(1 — HII(0) + {1(0)
from which it follows that
A+ —[(1 -9 -] + I10) = gp - x

This can be manipulated to
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But the expression in the second set of parentheses is simply the
before-tax profit rate, which is /(1 — ¢), and hence this last equation
becomes g = sm.

Proof of Theorem 9.3: By hypothesis, we begin with a level of employ-
ment N, whose associated employment rate r = N/N* satisfies (9.27).
Because N is given, ¢ is known by (9.26), and & is known by

1 - A"b

)
Consequently, the triplet of prices and before-tax profit rate {p,, ps,
/(1 — t)} can be solved for from Equations 9.17-9.19. It is left to de-
termine {w, ¢, g, F}. Itis convenient to define the matrix of augmented
input coefficients, which is now a function of », through the depend-
ence of b on 7

Mo = (i ora)

Then Equations 9.20 and 9.21 can then be rewritten as

*T [1 -li-gl - M(’)]_l (F + (NS - N)bo> (9:28)

By substituting from (9.24) into (9.25), we can eliminate 7 and p, and
write

F= (%) (1 = s)(N* — N)by (9.29)

Note that the condition 9.27 is what guarantees that there exists a
number ¢ less than or equal to one which makes this possible. If (9.27)
fails, it may be computed from (9.20), (9.21), and (9.22) that “material
balance” of consumption goods is impossible for the system. The de-
tails of this computation are omitted, as the intuitive idea is suffi-
ciently clear — that an equilibrium can be arranged if and only if the
system produces value surplus to the consumption requirements of
the working class.

Pre-multiplying (9.28) by L and using (9.22), we have

N=L [ 0 ) (9.30)

-1
T+g M(’)] (F + (N* = N)bo
and substituting from (9.29) into (9.30),

R )
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Equation 9.31 expresses a relationship between ¢ and g, for given N.
As ¢t increases, the second component in the column vector in (9.31)
decreases. Hence, to maintain equality in (9.31), g must increase, be-
cause the components of the matrix

-1

-

are seen to be increasing functions of g. Hence (9.31) gives an implicit
monotonic increasing relation g(#). From the Cambridge equation
(7 = g/s), it follows that there is a monotonic relation m(t) = g(?)/s.
Hence the function #(f) = m(#)/(1 — t) is monotonic increasing. But
the before-tax profit rate # is already known, from (9.17)—(9.19) and
(9.26), as was remarked in the beginning of this proof. By monoton-
icity of #(t), there is a unique ¢ fulfilling #(t) = #.

This completes the proof. For now that ¢ is known, 7 is known [be-
cause w = 4 - (1 — t)] and g is known from the Cambridge equation.
The value of F follows from (9.29), and the vector x from
(9.28). Q.E.D.

Theorem 9.3 asserts that any rate of employment which is consist-
ent with the production of value surplus to needs of the entire work-
ing class, employed and unemployed, can be an equilibrium for the
economy in extended reproduction, if the capitalists obligingly invest
all their profits above consumption needs. This model bears some
resemblance to Marx’s two- and three-department schemes, where
the problem of the disparity between available investment funds and
desired investment was not addressed, at least in the algebraic models.
The model of Theorem 9.3 assumes Say’s law. We next relax Say’s
law, by adding another determination to the system: the capitalists’
planning function. According to Theorem 9.3, there is a whole range
of employment levels consistent with a solution to the system
(9.17)—(9.26). When, however, we also endow capitalists with a plan to
accumulate at a certain rate, which is a function of the after-tax profit
rate, there will in general be only one or two equilibria. That is, for
only a small number of employment rates will ex post and ex ante in-
vestment coincide.

We postulate that the planned growth rate of capitalists is a func-
tion:

g =pm p >0 (9.32)

Capitalists desire to grow at an increasing rate as the rate of (after-tax)
profit increases. If the rate of profit is zero or small, our capitalists will
not desire to grow at all: They will not wish to produce. For some pos-
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gD
7 3
g=sT
g*F o(m)
0 »T

Figure 6. Capitalists’ planned accumulation.

itive profit rate, they do desire to accumulate. Beyond this, the moti-
vation for (9.32) will remain somewhat vague. It is clearly a formula-
tion that is different from the simple “profit-maximizing” one of
Chapters 1-3. We may think of g° as the rate of inventory accumula-
tion that capitalists are willing to sustain, because growth, in this
model, takes the form of inventories that capitalists must hold until
next period. With a higher rate of (after-tax) profit , the costs of
holding inventories, including risk, become relatively more worth
bearing, and this gives rise to the increasing functional relation (9.32).

For our purposes, it is sufficient if the function p(m) looks some-
thing like that depicted in Figure 6: Below a certain after-tax rate of
return, there is no desire to grow. After that there is a fixed desire to
grow. This picture is consistent with what J. Steindl claims as Marx’s
position on this question. Steindl (1952, p. 231) writes that Marx
thought there was some long-run planned rate of accumulation, like
g* of Figure 6, that capitalists planned for independent of the rate of
profit. We shall, however, as well be able to conceive of p(w) as having
more of a positive slope; for our interpretation of Marxian crises, it
will only be necessary to maintain at least the concave shape of the
function p(m) (see Figure 7 and Section 9.4). We may also think of
(9.32) as embodying the Keynesian “animal spirits” that prompt capi-
talists to invest at a certain rate.

If we combine the planned accumulation schedule (9.32) with
Theorem 9.3, we arrive at a full solution of the model. As is illustrated
in Figure 6, the Cambridge equation g = sm, which gives achievable
growth rates as a function of #, intersects the schedule g = p(w) in
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several places. At each of the (in this case, two) values of 7 that equate
planned and achieved rates of accumulation, the system is at rest. In
turn, each of these two after-tax profit rates are produced by certain
rates of employment. These rates of employment constitute the equi-
librium employment rates of the economy.

94 Three Marxian crises

We proceed to analyze the various types of equilibria that can exist,
and the types of crisis that are associated with deviations from these
equilibria. A graphical treatment is most transparent for this analysis;
we represent the model of the previous section in the three-panel Fig-
ure 7. Quadrant III of the figure graphs the level of employment, N,
against the before-tax profit rate, «# = w/1 — t. Because a higher N
leads to a higher real wage, through the industrial reserve army
mechanism (9.26), the curve of N against 7 is negatively sloped, as in-
dicated. This is simply the real-wage—profit-rate frontier, familiar from
Sraffian analysis. It embodies the price equations 9.17-9.19 and the
bargaining equation 9.26. In quadrant IV, we graph the before-tax
profit rate 7 against the after-tax profit rate w. If 7 is very low, then
clearly = is low, because = = #. This happens for high levels of em-
ployment. However, for very high 4, which come about from low
levels of employment, taxes will be high to feed the large reserve
army, and here 7 will again be low. This leads to the curve depicted in
quadrant IV. In quadrant I are graphed the achievable accumulation
schedule, g = s, and the capitalists’ planned accumulation schedule, famil-
iar from Figure 6.

The equilibrium for the system can exist only at after-tax profit
rates m and m,, where planned accumulation equals achieved accu-
mulation. If 7 > m,, then achieved growth exceeds planned growth:
Unwanted inventories build up, and capitalists cut back on produc-
tion, laying off workers. If # is such that m; < m < m,, capitalists will
hire on additional workers; if = < m,, capitalists lay off workers be-
cause the achievable growth is not sufficiently large to induce invest-
ment.

The profit rate m, can be achieved at two levels of employment, N§
and NY on the employment axis. (This is seen by starting at N, for in-
stance, and tracing through the three quadrants to arrive at the equi-
librium profit rate ,.) Similarly, associated with the equilibrium
profit rate m, are the two equilibrium employment levels N§ and Nj.

The reader can verify, by tracing through the three quadrants, that
the two employment equilibria N{ and Nj are stable, and N¥ and N§
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are unstable. This is seen as follows. If N > N{, tracing through the
quadrants produces a profit rate # < 7, which causes N to decrease.
Thus, a displacement of N away from N} to some higher level sets in
motion an equilibrating mechanism to again reduce employment to
N%. Similarly, a displacement of N below Ni sets in motion an increase
in employment. The arrows drawn on the N axis indicate the motion
of system in each of five regions on the N axis, defined by the four
equilibria.

Regions of crisis and expansion

Region 1 N > Ni (profit-squeeze crisis)
Region 2 N{ >N > N} (low-wage stimulus)
Region 3 N# >N > Nj§ (realization crisis)
Region 4 N§ > N > N¥ (fiscal stimulus)
Region 5 N < N} (fiscal crisis)

There are, therefore, three regions of crisis — that is, regions where
employment is decreasing — and two regions of expansion. We now
indicate why the three regions 1, 3, and 5 deserve to be called the
regions of profit-squeeze, realization, and fiscal crisis, respectively.
When N > Ni, the employment level is so high that the bargaining
power of workers keeps the real wage high and the before-tax profit
rate low. The tax rate is not important, because so few workers are
unemployed. The ensuing low achievable growth is not sufficient to
encourage capitalists to accumulate. Capitalists lay off workers be-
cause the latters’ bargaining strength makes accumulation not worth-
while. This is the scenario of what Marxists have called the profit-
squeeze crisis, and it takes place precisely in region 1.

Consider, next, what happens in region 2, when N € (N§, N{). In
this region, real wages have become sufficiently low, due to the indus-
trial reserve army, to create an expansionary desire by capitalists, be-
cause g? > g. Although the employment rate is sufficiently low to
soften wage demands, it is not so low as to necessitate a large tax rate,
which would destroy after-tax profits. Hence, the tax rate is unimpor-
tant in this region: The mechanism that creates the expansionary
stimulus is due to relatively low wages — hence we call this the region
of low-wage stimulus.

Let us consider next what occurs in region 3, for N such that N €
(N3, N§). For this region, it is seen from Figure 7 that achievable
growth rates have now become greater than planned growth rates.
Capitalists consequently lay off workers because they are forced to ac-
cumulate unwanted inventories. Note that the genesis of the un-
wanted inventories is very different for this region than for region 1.
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In region 1, unwanted inventories accumulated because the profit
rate was negligible, and investment was not worthwhile. In region 3,
however, the profit rate is reasonably high. Hence region 3 is prop-
erly called the region of realization crisis; if final demand were greater
in region 3 than it is, the excess inventories would be absorbed, and
no crisis would come about. It is, however, the lack of an effective de-
mand consonant with the high productivity (i.e., high g) of the
economy in this region that produces the crisis. In region 3, the low
wages have produced a growth rate that is too far out of line with final
demand. We see, therefore, why this region also deserves to be called
the region of underconsumptionist crisis.

Notice that a mollifying influence on the realization crisis begins to
assert itself as N approaches Nj: the after-tax profit rate 7 begins to
fall, thus bringing achievable growth g more into line with planned
growth. This occurs because the industrial reserve army is growing,
and hence the tax rate ¢ must grow, which cuts into before-tax profits.
When this mollifying influence becomes sufficiently strong, we reach
the next equilibrium, N§. Hence, the existence of the equilibrium N3 is
due to the fiscal stimulus of taxes. It may appear to be somewhat in-
verted to view a profit tax as a stimulus, but in this model it is. The
profit tax has the effect of clearing off the excess inventories from the
capitalists’ shelves, thus increasing effective demand, and bringing
the achievable growth rate into line with the smaller planned rate.

Continuing the descent of N into the region N € (N¥, N}), it is seen
this is the region of fiscal stimulus. The after-tax profit rate in this
region is rendered low enough so that planned growth is greater than
achievable growth, and hence capitalists wish to expand, and hire on
workers. This region is the closest analog to Keynesian fiscal stimulus
in this model.

As N passes the final equilibrium, we reach the doldrums of fiscal
crisis. For N < N¥, employment is so low, and the industrial reserve
army is so high, that the employed labor force can barely support the
consumption requirements of the working class as a whole. What is
left over for capitalists, as measured by the after-tax profit rate =, is
extremely small. Capitalists have no incentive to invest. They lay off
workers. This is clearly the fiscal crisis: State expenditures, financed by
a tax or profits, are so great as to render investment a useless activity
from the capitalists’ point of view.

This completes the analysis of crises in the model. Some other ob-
servations can be made about the three types of crisis. Profit-squeeze
crisis is associated with a low profit rate, realization crisis with a high
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profit rate, and fiscal crisis with a low (after-tax) profit rate. The crisis
regions are separated from each other by regions of expansion. Thus,
one crisis cannot lead directly into another, as the employment level
adjusts through the dynamic mechanism. The two stable equilibria
are associated with (1) the boundary of the profit-squeeze region and
the low-wage-stimulus region, and (2) the boundary of the
realization-crisis region and the fiscal-stimulus region. Thus, if we
think of different capitalist economies as being at various stable equi-
libria, we would expect some of them to be plagued by intermittent
profit-squeeze crises, and some by intermittent realization crises, de-
pending on whether their respective long-term equilibria positions
are at Ni or Nj. For those economies suffering from profit-squeeze
crisis, we would expect the expansionary periods to be characterized
by low-wage stimulus; we would expect the expansionary periods of
the realization-crisis economies to be characterized by fiscal stimulus.
Economies in fiscal crisis will tend to be in stagnation, according to
Figure 7, as there is no mechanism so far postulated that will bring
them out of the crisis.

9.5 A one-sector model

As a final exercise with the macro model of this chapter, we simplify
even further to a one-sector model. To render the model even
simpler, we assume at this point that s = 1: capitalists are simply accu-
mulating machines, who do not consume.

There is one good, whose technology is (a, L). The model of Sec-
tion 9.3 becomes:

N

f (F) =bf >0 (industrial reserve army) (9.33)
(b is the real wage in units of the good.)

b= (1 + T’:—t) (pa + L)  (price equation) (9.34)
pb=1 (worker’s budget constraint) (9.35)
x=a(l + gx + (1 + @[Nb + (N*¥ — N)b,] (material balance) (9.36)
II= (1—7%;) (pa + L)x (definition of before-tax profits) (9.37)
I = (1 + g)(N* — N)pb, (taxes feed unemployed) (9.38)
Lx =N (labor market demand) (9.39)

g° = p(m) (capitalists’ planned accumulation) (9.40)
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From (9.35), p = 1/b. From (9.33), b is a function of the employ-
ment rate r = N/N*, b(r). From (9.34), we solve for the before-tax
profit rate:

1

AN S
1—-¢t " a+b0L

(9.41)

Equation 9.41 gives the wage-profit frontier of quadrant III, Figure
7. Note a + bL is the augmented input coefficient. Let us call:

m(r) = a + b(r)L (9.42)
Solving (9.36) for x:
_(+ gN* — N)by
T 1-(1+gm (9.43)

Multiplying Equation 9.43 by L, and using Equation 9.39, we can
solve for (1 + g):

N*-N ) (9.44)

1
1+g_m(r)+b°L( N
Equation 9.44 says the achievable growth factor (1 + g) is influenced
by two things: the productivity of the economy, which is measured by
m(r), and the unemployment drag, measured by bL[(N*/N) — 1].
Because g = swand s = 1, we have g = o and so (9.44) implies that

N *
1 +"=m(r)+boL (W— 1) (9.45)
Using (9.45), if we know the functions f and p, we can solve for the
equilibrium employment levels of the economy.

We compute the condition that characterizes the turning point of
the before-tax—after-tax schedule of Figure 7, quadrant IV. The em-
ployment rate r*, which is associated with this turning point, has this
economic interpretation: It is that employment rate at which the
marginally unemployed worker has decreased the real payments to
the employed working class, due to its marginally inferior bargaining
position, by just an amount that balances the increase in unemploy-
ment benefits the marginally augmented unemployed army must
receive — so that the net change in the after-tax profit rate is zero.

From (9.45) and (9.41), using definition (9.42), we can write:

(f + 1) + bl (%f - 1) =(m+ 1) (9.46)

Equation 9.46 is the equation of the curve in Figure 7, quadrant IV.
To simplify notation, let
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¢ = + 1 = the after-tax profit gactor
g = i + 1 = the before-tax profit factor

7=y = the employment rate

Differentiating (9.46) with respect to § gives

dg _ 47 + bolr*(dr/d§)

i = (9.47)
Notice that dr/dj < 0; this is simply the statement that the wage-
profit frontier is negatively sloped. For small values of §, the nu-
merator of (9.47) is positive; for large values of §, because r will then
be small, the numerator of (9.47) becomes negative. The turning
point of the curve is that value § at which the derivative in (9.47) van-
ishes. Writing the vanishing-derivative condition in elasticity form, we
have

- () - o

Using (9.41), we can mdependently compute the elasticity on the
left-hand side of (9. 48) as

dq/q\ _
(dr/ ) = d L (9.49)
Substitution of (9.49) into (9.48) yields
db 1
r-=—b (9.50)
or, writing (9.50) in elasticity form,
/by _ 1 by
(dr/r ),.,. T % b(r¥) ©:51)

To summarize this computation, the employment rate r* for which
the elasticity condition (9.51) is met is that employment rate at which
the fiscal effect of an increasing tax rate begins to force the after-tax
profit to move in the opposite direction from the before-tax profit
rate, as r decreases.

The computations in this section have been intended as an example
to show how the one-sector model of this chapter can be solved expli-
citlty. We could, as well, compute various “multipliers,” which would
describe the effect on the equilibrium of the system from changes in
be, s, the schedule b(r), the schedule p(w), and the technology (a, L).
We could study how the size of the various crisis regions changes as a
function of the parameters of the economy.
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9.6 Summary

The intent of this chapter has been to model three important
Marxian crises: profit squeeze, realization, and fiscal. To produce a
profit-squeeze crisis, an industrial-reserve army-bargaining mecha-
nism was needed, which was specified in Equation 9.26, or Equation
9.33; to produce a realization crisis, a discrepancy between achie-
vable growth and planned growth was necessary, which was specified
by Equation 9.32, or Equation 9.40; to produce a fiscal crisis, it was
necessary for government expenditures to reduce profits, which were
captured by the tax mechanism of Equation 9.24 or Equation 9.38.
Crises associated with the monetary and credit aspects of capitalist
economy are not touched on by the model of this chapter. This is
perhaps the most important omission. In addition, no account has
been taken of technical change, or the growth of the labor force. The
implicit assumption of the present model is that the labor force grows
at the equilibrium growth rate g; this assumption is embodied in
Equation 9.21 or Equation 9.36, in which it is assumed that the
growth of the consumption requirements of the workers, employed
and unemployed, (and also of capitalists) is at rate g. Thus, even if we
are at an equilibrium in this model, it is of the knife-edge type, for it
can only be an equilibrium if the labor force, too, is growing at the
equilibrium rate. Clearly a more complete model would rectify this
deficiency, and perhaps the most natural way to start would be to pos-
tulate an exogenous rate of growth for the labor force. Steindl (1952,
Chapter 14) has discussed what a Marxian theory of accumulation in-
cluding population growth might be. Nevertheless, from the model
presented in this chapter, we can conclude that even without the
problems of “overdetermination” introduced by an exogenously
growing labor force, the three crises types discussed can occur.



1 0 Summing up and new directions

Because issues discussed in the introductory chapter were primarily
methodological, it is appropriate for these final words to summarize
some main points of content of the book. In addition, because the line
that defines where a book of this type stops must be drawn somewhat
arbitrarily, the reader’s indulgence is asked if some mention is made
of current work not reported upon in previous chapters, but that
bears upon the issues.

The task of Chapters 1 through 3 is to place the Marxian notions of
economic reproduction and exploitation into a general equilibrium
context. In most mathematical treatments of Marxian economics, only
the production side of the economy is studied, and it is simply as-
serted that a certain price vector (the vector that equalizes profit rates
across sectors) is the “equilibrium” vector. This formulation is inade-
quate, because no specific behavior of capitalists and workers is stipu-
lated, with respect to which equilibrium has been defined. An equilib-
rium of an economy is a situation where the optimizing behavior of all
individuals aggregates to social behavior that is consistent; clearly,
then, the definition of equilibrium requires a prior specification of
what the behavior of individuals is. This may seem a small point; it is
not, as can be seen from common disagreements or confusions that
have emerged between Marxists and neoclassicists concerning
Marxian equilibrium. For instance, a neoclassicist asks how there can
be an “equilibrium” with a positive rate of profit in an economy with
constant returns to scale. This question, and others, is resolved, it is
hoped, with the embedding of the Marxian production framework in
a general equilibrium setting. Specifically, capitalists maximize profits
in our model, given their initial stock of wealth. (In Marxian terms,
they seek to expand M into the largest possible M’ via the production
circuit M—-C-M'.) In the case of a linear production model, where
production takes time and capitalists must finance inputs used this
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week out of current wealth, this behavior gives rise to an equilibrium
price vector that equalizes profit rates across sectors, and in general
exhibits a positive rate of profit. We can think of the positivity of the
rate of profit as a consequence of the fact that the economy is
capital-limited: Even if all the capital stock is used, there will be unem-
ployed workers, and hence the wage is driven down to some subsis-
tence level, giving rise to a positive profit rate. Were the economy
labor-limited, the rate of profit would be zero, as capitalists would bid
for scarce workers until profits were eliminated, in trying to employ
their entire capital stock. Hence, the time-consuming nature of pro-
duction plus the capital-limited nature of the economy (or the ubiqui-
tous industrial reserve army) explain the emergence of a positive
profit rate as an equilibrium in a constant-returns-to-scale economy.

That capitalists cannot borrow, in the model of Chapters 1 and 2,
may appear to be a restriction; and so it is shown in Chapter 3 that this
restriction is only a simplifying one, not an essential one. When a
credit market exists, then the interest rate is equal to the profit rate in
equilibrium. Capitalists are willing to operate at some finite scale of
activities, because borrowing a lot of capital to finance “infinite” pro-
duction would produce no extra profit, as the revenues would be dis-
sipated in interest payments. From a neoclassical point of view, there
are zero profits in these models, as what we have called profits could
be called interest costs, or opportunity costs of capital. However, the
neoclassical connection of the interest (or profit) rate with intertem-
poral preferences of agents is not made in our model. Rather, the
profit rate is determined by the subsistence real wage, which in turn is
determined by “class struggle,” or in a variety of other possible ways.
(In Chapter 2, a model is provided showing how we can conceive of
the real wage as determined through technology; this treatment sim-
ply removes the role of class struggle one more stage.) For all practical
purposes, the real wage is taken as exogenous to the economically spe-
cifiable phenomena of the models.

Labor values in these models are used only in defining the concept
of surplus value and exploitation; they play no role whatsoever in the
discussion of exchange and prices. This point is reinforced in
Chapters 7 and 8. Labor value played a dual role for Marx — in a
theory of exchange and a theory of exploitation. In fact, this dual role
was necessary for Marx, as he derived the theory of exploitation using
the theory of exchange as a conduit. We have recast the theory of ex-
ploitation to be independent of the labor-value theory of exchange,
and hence have no need to argue any relationship between prices and
labor values. In our recasting of the theory of exploitation we lose the
notion that labor value in some way regulates the exchange of equiva-
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lents; we do not conceive of the exchange of labor power for the
wage, in particular, as an exchange of equivalents, but as determined
by bargaining and competition. The law of value is reformulated as
follows: Corresponding to any prior specification of the distribution
of aggregate social labor time between production for workers’ con-
sumption and capitalists’ profits (investment or consumption goods),
there is a set of prices and individual demands (by workers) that will
realize that distribution of labor time. Nevertheless, there is no causal
direction implied — that, for instance, workers and capitalists bargain
over the distribution of labor time and then prices emerge to realize
the agreed claims on labor. In fact, workers and capitalists bargain
over the money wage. The law of value, as stated, is nevertheless the
closest we can get to a formal statement that indicates the way in
which the distribution of labor value “regulates” capitalist production.
As will be mentioned later, in more general models of production
than the linear one, it is not even possible to conceive of labor values
before the market equilibrium has been arrived at, and so any causal
inference one might wish to show of the emergence of prices from
labor value is completely misconceived.

This liberation of the theory of exploitation from the labor-value
exchange theory enables one to show that the Marxian theory of ex-
ploitation is robust; it remains valid when the production sets that
capitalists face are much more general than Leontief linear produc-
tion. Capitalists can face different production sets; these sets can be
general convex sets. The “fundamental Marxian theorem” of Chapter
2 shows that in this general production environment, positive profits
at equilibrium are equivalent to the existence of exploitation, or
surplus value, given the technical and the social (i.e., the real wage)
conditions of production. The generality of this production environ-
ment enables us to say that the Marxian notion of exploitation is viable
even when: (1) there are scarce factors, such as land; (2) capitalists have
different information or differential access to production; (3) there is
substitution possible between inputs in production; (4) there is fixed
capital, joint production, differential turnover times of actual produc-
tion processes and so on. Thus, the association of Marxian exploita-
tion theory with the linear, Leontief or Sraffian model is not neces-
sary. What is lost in these general environments are individual labor
values of commodities, and hence the possibility of a labor-value ex-
change theory. But we have argued that is no real loss, but a clarifica-
tion.

The position that labor values are irrelevant in discussing exchange is
not new with this book, but has been elaborated in different ways by
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others in the past decade, most notably Steedman (1977) and Mori-
shima (1973). There is, in fact, an even more startling piece of evi-
dence than has been provided in these works for the position that
labor value cannot be conceived of as existing “logically prior” to the
operations of the market. This evidence, unfortunately, is one of
those exhibits that falls on the other side of the line demarcating what
can be included in this book. A sketch, however, will be indicated.

In the models of this book, the demarcation of individuals into
classes of workers and capitalists occurs prior to the specification of the
model. Alternatively, we might wish to define individuals solely by
their property ownership, and then conclude that certain people be-
come capitalists and others become workers; we would thereby pro-
vide a theory of class formation. In fact, this project has been carried
out (Roemer, 1979b and 1980c). We then are able to classify agents in
the economy according to three separate dimensions, or criteria: (1)
their wealth or property ownership; (2) their class membership; (3)
their status as exploiter or exploited. A fundamental theorem of this
analysis is dubbed the class exploitation correspondence principle: those
who optimize by selling their labor power become exploited, and
those who optimize by hiring labor power become exploiters. This is,
of course, a classical Marxian idea, but it is usually a definition. It is
something else to show the truth of the formal proposition when both
class membership and exploitation status emerge endogenously in a
model of rational economic behavior. Capitalists are exploiters, prole-
tarians are exploited.

What has this to do with the labor theory of value? It turns out
there are no problems in proving the class exploitation corre-
spondence principle in economies with the linear Leontief technol-
ogy; however, if one tries to generalize the theorem to an economy
with a production set that is a general cone, and uses the definition of
surplus value provided in Chapter 2, the principle is false! What can
this mean? Is the correspondence between class and exploitation so
ephemeral, depending for its validity on a simplistic model of produc-
tion — one, for instance, in which there is no fixed capital?

The answer is no; the resolution is that we require another defini-
tion of exploitation in the model with general production for the
validity of the theorem. There is another candidate for a definition of
labor value embodied in goods for the cone technology (which in-
cludes the von Neumann technology). This definition stipulates that
socially necessary labor time embodied in a commodity package be de-
fined as labor expended to produce that package, minimized over only
processes that are in fact maximally profitable at the going equilib-
rium prices. (Note that our definition of labor embodied in Definition
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2.1 required us to minimize labor over all processes available, not just
the profitable ones.) If one adopts this alternate definition of labor-
embodied, then the class exploitation correspondence principle holds
in the general model. Note that both of these definitions are general-
izations of the labor-embodied in the Leontief model, because all pro-
cesses are (maximally) profitable in the linear system, at equilibrium.

What is the significance of this rather complicated and technical set
of ideas? A priori, we do not know which definition of labor-embodied
(and hence surplus value and exploitation) is the appropriate one, of
the two offered, when the technology is no longer linear. The defini-
tion that was adopted by Morishima for the von Neumann technol-
ogy, and that has been here generalized to apply to general convex
technology (Chapter 2) is adequate for preserving the “fundamental
Marxian theorem,” and in that definition labor-embodied is in fact
independent of market phenomena, as it depends only on knowledge
of the technology and real wage bundle. (Of course, one could argue
that neither technology nor the real wage are independent of the
market; but at the level of these models, their determination is ex-
ogenous. Hence, these models do not provide a theory of the market
relatedness of technology, the real wage, and hence labor value.)
However, to preserve the correspondence between exploitation and
class, which should be viewed as a fundamental Marxian insight, one
is required to adopt a different definition of labor-embodied, in
which labor value depends on the market: One must know which pro-
cesses are profitable to define labor value, and that can be known only
after the market has chosen these processes from among the many in
the technology. There are, in general, multiple equilibria associated
with given data specifying an economy, and the different equilibria
will in general pick out different processes as the profitable ones;
hence, labor-embodied using the alternate definition cannot be speci-
fied prior to knowledge of the equilibrium prices. (It should be added
that the market-oriented definition of labor-embodied also preserves
the fundamental Marxian theorem.) Thus, value cannot be defined
prior to the operation of market; it is a notion that derives from the
commodity nature of capitalist production, rather than simply the
engineering nature of production possibility sets. This classical
Marxian idea emerges formally from the investigation. Any concep-
tion of prices as being determined by values, or at a later logical stage
than values, is impossible to hold in the face of this evidence. If one
rejects the evidence, one is simultaneously committed to rejecting the
class exploitation correspondence principle. (Readers interested in
pursuing the details of this argument are referred to Roemer, 1980c.)

In particular, it should also be mentioned, the “law of value” dis-
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cussed in Chapter 7 must be seriously modified in the context of more
general production sets, using the new definition of labor-embodied.
Even if a version of that theorem is true in a general production envi-
ronment, it is not so interesting as in the linear case, because the rate
of exploitation will have no status as a notion that can be specified
prior to the operation of the market, as has been mentioned earlier.

It is appropriate to reinforce a methodological point at this junc-
ture, concerning the value of mathematical modeling. We have
claimed a forceful philosophical position, that value cannot be con-
ceived of independently of the market, as a consequence of rather in-
tricate mathematical reasoning. I would assert that one could not pos-
sibly arrive at this theorem without mathematical apparatus. One
might have an opinion on the matter of which of the two definitions
of labor-embodied is more reasonable. But only with mathematical
argument can one show that one of the definitions is actually incorrect
- that is, it does not provide a model that captures our theory of real-
ity (see the Introduction) — and we are therefore directed to adopting
the other definition. Here, our theory of reality is of the corre-
spondence between class and exploitation, and the model is the set of
mathematical postulates and definitions that enable us to prove the
class exploitation correspondence principle. Hence theory directs our
choice of model, which then in turn informs us about an open ques-
tion in the theory, the market relatedness of the labor value concept.

Another philosophical issue, which has not been dealt with in the
book, concerns the choice to privilege labor power as the commodity
that is exploited in capitalist production. It is well known that one can
define corn values or energy values of commodities instead of labor
values, and show that corn is exploited or energy is exploited if there
are positive profits. Indeed, profits are positive if and only if any
input into production is exploited, if we choose to define value embod-
ied in terms of it. The validity of the fundamental Marxian theorem
holds if we take as the numéraire for denominating value any other
commodity than labor power. Why, then, do we choose labor power?
Certain brief observations may be made. It is commonly asserted that
labor is properly viewed as the exploited factor because it is the factor
that is nonproduced and hence, in principal, scarce. It is highly prob-
lematic whether one should conceive of labor as nonproduced (in
fact, the essence of the notion of labor power is to treat the factor as
produced). But more significantly, it is essential in the Marxian model
that labor power, whether produced or not, be plentiful, not scarce. It
is the industrial reserve army that generates a positive rate of profit. It
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is obvious that labor is not scarce in Marx’s own vision: It is the pecu-
liar law of population of capitalism that guarantees a ubiquitous
industrial reserve army. Thus, we cannot simultaneously hold that
labor is the appropriate numéraire for value because it is scarce, and
also the industrial reserve army is a key feature of capitalism. More-
over, at any given time there are truly scarce, nonproduced factors in
our economy, but we do not choose to denominate exploitation in
terms of them.

There are, certainly, various key differences between labor and
corn or energy. One reply to the challenge is that we are interested in
studying the history of people and not of corn - or, at least, the his-
tory of corn is interesting only so long as it has something to say about
the history of people. Although this is certainly correct, the observa-
tion does not immediately tell us why we cannot get an informative
history of the economic relations among people by studying their re-
lations to each other using corn values instead of labor values. A sec-
ond reason to privilege labor power is that it is the one inalienable
commodity: For labor to be forthcoming from labor power, its owner
must participate in production. This is not, of course, true of corn:
The services of corn can be extracted from corn power while its
owner is asleep a thousand miles away. Moreover, under capitalist
property relations, everyone is guaranteed ownership of only one
commodity, his or her labor power.

This issue is even more fundamental than those in this book, for on
it rests the usefulness of our definition of exploitation. Nevertheless,
an analytically convincing answer (as opposed to the plausible, intu-
itive answers of the previous paragraph) is subtle and not completely
worked out at this writing. With the usual caveat concerning work in
process, I shall indicate the general nature of the answer that I think
pertains. To explain the ability of a capitalist economy to expand, and
to make profits, it is sufficient to observe that the technology is pro-
ductive, and that productivity can be characterized by one unit of any
commodity embodying less than one unit of its own value. Although
the productiveness of the capitalist system must be explained, at some
level, by how much of the net product (after replacement for depre-
ciation) workers receive as wage goods, the objective fact of positive
profits need not be accounted for by choosing labor power as the
value numéraire. The labor value numéraire, however, allows us to
focus on class struggle, on the relations among people, as the most
dynamic and important aspect of the economic process. We could
characterize the struggle to increase productivity (and hence profits)
as the struggle between people and corn, a struggle to transform pro-
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ductive technique to get more output of goods per unit of corn em-
ployed. Does this approach tell us as much about the evolution of eco-
nomic institutions as viewing the struggle to increase productivity as
the effort to extract more labor from one unit of labor power em-
ployed? If the answer is yes, then a corn theory of value would be
appropriate. But the historical materialist who holds that all history is
the history of class struggle is clearly mandated to view the struggle
for productivity using the labor value numéraire. This does not mean
that a labor-value theory of exploitation is at every instant the one
with most explicative power; a case might be made that during the
period 1970-90, an energy theory of value would be more informa-
tive of the forces that are molding economy and society. Over the long
haul, however, a historical-materialist interpretation of history im-
plies the labor theory of exploitation.

Another reason that the relations between capitalist and proletarian
are best captured through the labor theory of exploitation is that pro-
letarians own nothing but their labor power, and so if we wish to de-
scribe the terms of their exchange with capitalists with a commodity
numéraire, labor power is the natural one to choose. Here, it is the in-
alienability of labor power that comes into play. This leads to a second
reason to focus on the labor theory of exploitation, as follows.

If we wish to make a normative statement about the distribution of
final net product among all economic agents, we require some uni-
form basis for comparing their contributions and receipts to and from
production. We take as the model, now, that all agents have one unit
of labor power in their endowment, but tangible property is distrib-
uted in some uneven way, so that some agents have nothing but their
labor power, others have a lot of corn and no steel, and so on. Let us
suppose, for simplicity of exposition, that everyone is maximizing his
or her revenues, by employing all of his or her assets in production.
In particular, everyone uses his or her one unit of labor power, and
whatever else he or she has. (If one wishes to have nonlaboring rich
people, then one can endow people with a desire for leisure, so that if
they have sufficient nonlabor endowments, they do not have to work
to satisfy their need for revenues.) In a linear model, the total labor
value of the net product will be equal to total labor employed. How is
the net product distributed? Some agents receive goods embodying
less labor value than they used (i.e., one unit), and some receive goods
embodying more labor value than they used. We refer to the former
group as exploited and the latter as exploiters. But the normative use-
fulness of this classification depends on each agent’s possessing the
same amount of the numéraire commodity. If we assume homoge-
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neous and identical labor endowment, then labor power is that
unique commodity which is distributed in egalitarian fashion. In fact,
one’s ranking in the ordering of exploitation corresponds exactly to
one’s ranking in wealth, if labor is chosen as numéraire.

If corn is chosen as the value numéraire, we can define exploitation
of people (evaluated in terms of corn) in the same way. A person who
received as his or her share of the final net product goods embodying
less corn value than the corn he or she employed in production would
be “corn-exploited,” and inversely for corn exploiters. The total value
of corn embodied in the net product is equal to total corn employed,
in a linear model, so there will in general be corn-exploited agents
and corn exploiters; but there is absolutely no distributional significance to
this characterization. There is no relationship of people’s corn-
exploitation status to their wealths or their welfares. In particular,
proletarians who have no corn to sell, but receive some wage goods
out of net product, will be corn exploiters.

The essence of this distinction between labor power and corn is
that the endowment of the former is a natural numéraire for eval-
uating distribution, because of its unique egalitarian occurrence in
the population. Moreover, many people (the proletarians) have
nothing but their labor power, which forces us to choose that commod-
ity as value numéraire to have a meaningful measure of the distribu-
tion of net product.

Hence, there are at least two reasons for choosing the labor value
numéraire: a historical-materialist hypothesis, which views history as
most convincingly presented as class struggle, is mandated to choose
labor value as focusing on the main arena; and the inalienability of
labor power privileges its choice not only for describing class struggle,
but also as numéraire for the distributional consequences of capitalism.

A third reason for privileging labor as the numéraire in defining ex-
ploitation is also normative: It is the position that living labor is enti-
tled to the product but that ownership of alienable factors of produc-
tion (i.e., capital) does not entitle one to a share of the product. The
ethical implication of the labor exploitation theory is that a non-
exploitative allocation of the product is one that distributes it ac-
cording to labor performed.

It should be reiterated that these last paragraphs are tentative. One
might note that these proposals raise several questions. How compel-
ling is a labor-exploitation theory when people own different
amounts (or kinds) of labor power? Or when everyone owns some
nonlabor endowments as well? It should be reiterated that the partic-
ular reason for choosing the labor theory of exploitation is not be-



208  Marxian economic theory

cause it is the sole way to explain the emergence of profits and accu-
mulation; labor is not the sole common attribute of all commodities,
and hence the only means by which they may be compared. In this,
the present suggestions depart from classical Marxism.

It is doubtless annoying to the reader who has struggled through a
sometimes tedious, sometimes difficult text to be reminded that, in
the author’s opinion, these studies contribute only the foundations of
the theory in question. (Witness the number of advanced treatises ti-
tled An Introduction to . . . or Elements of. . . .) In fact, the remarks
above on the labor theory of value indicate that our analysis has not
reached even some fundamental parts of the foundation. It is there-
fore incumbent upon the author to indicate the sense in which this
work contributes only a foundation for Marxian economic theory.

It is clear that the problems discussed are virtually all classical ones
in the Marxian literature: the theory of exploitation in a competitive,
capitalist economy; the falling rate of profit; the transformation
problem; and only the rudiments of theories of crisis. These problems
arose out of Marx’s concern with the laws of motion of nineteenth-
century capitalism. For Marxian economic theory to break new
ground, it must study the laws of motion of late twentieth-century
society — in particular, advanced capitalist society and developing
socialist society. (Without engaging in polemics concerning the exist-
ence of socialism, let us adopt the semantic convention that socialist
society refers to the U.S.S.R., China, Eastern Europe, Cuba, etc.)
Marxian economic discussions of late twentieth-century society often
erroneously attempt to apply categories that were developed to ana-
lyze nineteenth-century capitalism to modern societies. It is fre-
quently impossible to do so fruitfully — for instance, how can one
discuss exploitation or the expropriation of surplus value when the
means of production are not privately owned? —and consequently, no
materialist theory of the laws of motion of socialist societies is pro-
duced. The proper procedure, instead, follows from understanding
that Marxism is the application of historical materialism to
nineteenth-century society; and that what is required today is not the
application of Marxism as such but of the historical-materialist
method to late twentieth-century society.

To make this point more precisely, observe two common errors that
are made in Marxian discussions of socialist society. Some claim that
because inequality, strata or classes, perhaps imperialism, continue to
exist in these societies, they are therefore still capitalist, or have re-
verted to capitalism. This is a nonmaterialist approach: Capitalism
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emerges in a certain historical epoch and has certain special institu-
tional and property forms, which are absent in socialist societies. This
diagnosis is akin to saying that because the bourgeois revolutions
from feudalism did not eliminate inequality, war, classes, and so on,
society was still feudal. The polar claim is that because socialist society
has eliminated private property in the means of production, it is im-
possible to speak of exploitation in these societies. Here, the error is in
treating Marxian categories as universal: Even if capitalist exploita-
tion does not exist in socialist society, perhaps there is a more general
theory of exploitation than Marxian capitalist exploitation, which will
indicate a phenomenon of socialist exploitation. The historical task of
bourgeois revolution was to eliminate feudal exploitation; but other
forms of inequality and exploitation persisted and came into being.
Similarly, the historical task of socialist revolution is to eliminate capi-
talist exploitation; there is no presumption, however, that inequality
in general is eliminated, or that it may not be meaningful to speak of
new forms of exploitation. As was pointed out in the introductory
chapter, the ingenuity of Marx’s economic theory was in showing how
one could conceive of exploitation in a meaningful way under capital-
ism despite its abolition of coercive institutions of labor exchange;
similarly, a historical—-materialist approach to socialism might pro-
duce a theory of exploitation under socialism that applies despite the
absence of private property in the means of production. Such a
theory would not necessarily imply that socialist society is not a pro-
gressive development over capitalist society, just as Marx’s theory did
not imply that capitalism was not progressive over feudalism. (A pro-
posal for this theory is in my forthcoming book A General Theory of Ex-
ploitation and Class.)

It is perhaps possible to criticize Marxian attempts to study late
twentieth-century capitalism in a similar way, but not having engaged
in such work, it is not appropriate for me to comment on that.

To sum up in an aggressive way, it appears that Marxian theory is
in a Ptolemaic crisis. At present Marxism does not provide a compel-
ling theory for explaining the developments of late twentieth-century
society. I think this is due, in large part, to the epicycle approach its
practitioners often take: the hope that a small perturbation of the cat-
egories of a century-old theory can explain developments today. Of
all methodologies, Marxism should be the last to fall into this trap,
with its insistence on the nonuniversality and transiency of appropri-
ate historical categories. The genesis of this dogmatism in the West is,
perhaps, related to the efforts of Marxists to defend their barricades
against a dominant, hostile ideology; a house beseiged is not one in
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which experimentation and questioning are welcome. The develop-
ment of Marxism in the East is explained by its role as the official
ideology of state apparatuses that have their own positions to defend,
and are not necessarily interested in the most penetrating inquiry into
the logic of their societies’ development.

It is by separating the historical-materialist kernel from its specific

application as Marxism, the theory of nineteenth-century capitalism,
that progress will be made.



Notes

Introduction

1. My ideas on methodology have been influenced by many conversations with
Duncan Foley, and by the approach of Lakatos (1976) to the development of mathemat-
ical ideas. Indeed, I can claim no great originality for whatever seems novel or useful
in this introduction, as I am not sure where the ideas of Foley and Lakatos end and
mine begin.

2. Smolinski gives a third reason, with which I de not completely agree, for the lack
of mathematics in Marx: that the type of discrete and discontinuous phenomena with
which Marx was concerned were not best modeled with calculus and algebra, but rather
with linear algebra and finite mathematics, and he had little or no knowledge of these
fields.

3. Since writing this I have encountered a more complete discussion of functionalism
in Elster (1978).

1. Equilibrium and reproducibility: the linear model

1. A more lengthy discussion of the material in this section is Morishima (1973),
Parts I and II. Other useful introductory sources are Pasinetti (1977) and Steedman
(1977).

2. The following convention on vector orderings will be observed throughout the
book. For two vectors x and y, x 2 y means that x; Z y for all components of the two
vectors; X 2 y means X 2 y but x # y; x >y means that x; > y; for components i.

3. A picayune point concerning Theorem 1.2 could arise. Are there trivial reprodu-
cible solutions (x = 0) associated, perhaps, with price vectors other than p*? To ex-
clude this possibility, we need to guarantee that at the RS, some capitalist has a positive
amount of capital pw” > 0. (This can be guaranteed, for example, by insisting that so-
cial capital is a positive vector: @ > 0.) Otherwise, there may exist trivial reproducible
solutions associated with price vectors other than p*.

4. When a credit market is introduced, in Chapter 3, there is another genesis of the
equalization of profit rates. This discussion is resumed at the end of that chapter.

5. This lemma is a form of the fixed-point theorem that is used to prove
the existence of economic equilibria. Statement of the lemma is on page 42. A
proof can be found in Debreu (1973, p. 82).

6. The temporary equilibrium model is treated again in Chapter 2, but not fully
dealt with in this book. A more detailed treatment is available in Roemer (1980a).
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2. Reproducibility and exploitation: a general model

1. For a proof of this Lemma, which is based on the Kakutani fixed-point theorem,
see Debreu (1973, p. 82).

2. It is certainly true as well that production sets are socially determined. Neverthe-
less, the relaxation of the exogenous subsistence wage premise seems more important
than relaxing the exogeneity of production sets.

3. The equalization of profit rates in Marxian general
equilibrium

1. I am grateful to Xavier Calsamiglia for a discussion in which some of these ideas
first took shape.

2. Another option for such a producer would be to borrow capital and finance pro-
duction on loans; it can be shown that the disenfranchised producer is exploited just
the same, this time through the operation of the credit market and not the labor
market. His surplus labor, in this case, is transferred to the creditor in the form of inter-
est. A full discussion of the equivalence of labor and credit markets in generating
Marxian exploitation is contained in my forthcoming book, A General Theory of Exploita-
tion and Class.

3. When conservatives argue that corporation profit taxes must be lowered to gener-
ate more investment activity, liberal opponents are limited to disagreeing with that
statement of fact, as they respect the constraint of capitalist property relations. A
Marxist reply is that the “necessity” of lowering profit taxes to stimulate investment (if
true) proves not that taxes should be lowered but that capital should be socialized.

4. Viable and progressive technical change and
the rising rate of profit

1. I cannot resist mentioning a slogan appearing on a poster that summarizes nicely a
Marxist approach to the population “problem”: “Take care of the people, and the pop-
ulation will take care of itself.”

2. As follows: if we choose any capital good and ask what other goods enter into its
production as intermediate inputs at any previous stage, we eventually generate all of
department I, by the indecomposability of A,. Because some capital good uses direct
labor, we also require all department II sectors in the production of that capital good,
because b > 0. Hence, starting with any capital good eventually “generates” the whole
economy as intermediate inputs. If we start with any consumption good, it requires
either direct labor input or some capital input. It is easy to see that in either case, the
whole economy is eventually generated as intermediate inputs, as long as Ay # 0.

3. To see this: by (4.19), Li is constrained only so that (Ly — L) lies in the hyper-
plane b'. So long as xy is not chosen as a multiple of b, it is possible to choose L§ and xy
so that Lyxy # Lixy. I have said that Lix, < Lyxy, for the sake of being explicit.

4. An anonymous referee who read this theorem when it was published in a journal
article has provided an intuitive economic argument for Theorem 4.7. He or she
writes: “When the technical change is neutral, then production needs the same
amounts of indirect labor if we disregard dating of labor. However, when the change is
CU-LS, then there is a reshuffling so that one uses more labor earlier and less later.
Obviously this must make the rate of profit fall.”
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5. It may appear restrictive not to consider a category of technical changes where
some labor values increase and some decrease. This, however, is not so. It is reason-
able to postulate technical change as taking place in one sector at a time; and it can eas-
ily be shown that such technical change will not produce value changes in opposite
directions in different sectors. Furthermore, by the nonsubstitution theorem, from
among known techniques there always exists one that simultaneously minimizes the
labor values of all commodities.

6. Although Table 1 refers to the two-dimensional case depicted in Figure 3, the clas-
sification generalizes to the multidimensional case in this simple way: The four combi-
nations of movement in the variables (w, ¢) are given by

1.A-8<0,p-8<0
2.A-8<0,p-8>0
3.A-8>0,p-8<0
4 A-86>0p-8>0
6. Changes in the real wage and the rate of profit

1. The point made here is a simplification. It ignores changes in the workers’ con-
sumption that become necessary because of technical change. If a new technology re-
quires that workers be given more education, then b must change for technological
reasons. Or the horses may indeed require more hay to pull heavier ploughs. A strict
interpretation of the Marxian concept of subsistence bundle could even attribute most
changes in workers’ consumption to such technological imperatives; that is, workers’
needs (and hence consumption) are determined in large part by their relation to the
means of production.

2. The validity of the Marglin—Stone hypothesis — that capitalists consciously con-
sider the real-wage effect before introducing technology - is not discussed here. It
should be noted that there is a danger in attributing omniscience to the capitalist class
or to individual capitalists in these formulations. Furthermore, the short-run effects of
a technical change are solely the effects on cost-efficiency at constant real wages; the
balance of class forces does not establish a new real wage for some time.

3. It is assumed here that capitalists have reasonably good foresight. A cost-
increasing technical change will not be introduced unless the capitalist expects Am, > 0
—and, in fact, Am, > |Am,|.

7. The law of value and the transformation problem

1. Assumption A is true if all goods are normal goods, and are gross complements to
each other. This follows from examining the Slutsky equation. In fact, the statement of
the assumption can be weakened to read:

Pu > pu > Di(Pn) = Di(pn)

and a slight alteration of the proof proves the theorem.

9. Simple reproduction, extended reproduction, and crisis

1. H is compact because it is assumed that the technological conditions are such that
Ag > 0. Because ¢* > 0, N > A;B. Hence each component of F is bounded. H is clearly
closed and convex.
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2. To see this: by (9.10) and pyB = N = Lx(F*), the right-hand side of (9.16) can be
written as
1 + L)xi(F*) + (prAg + Ly)xg(F*)]

which is simply total profits.
3. Notice that we need not specify budget constraints for individual capitalists be-
cause there is only one consumption good. One collective budget constraint suffices.
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